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Abstract
Examining the symmetries of the pseudo-action, we propose a prescription for
the new Feynman rules for the Ramond sector of the WZW-like heterotic string field
theory. The new rules are an analog of that recently proposed for the open superstring
field theory and respect all the gauge symmetries including those provided we impose
the constraint after transformation. It is shown that the new rules reproduce the
well-known on-shell tree-level amplitudes for four and five external strings including
fermions.
∗) E-mail: kunitomo@yukawa.kyoto-u.ac.jp
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§1. Introduction
In the previous paper,1) we examined the gauge symmetries of the pseudo-action, the ac-
tion supplemented by the constraint, in Wess-Zumino-Witten (WZW)-like open superstring
field theory.2), 3) It was found that the pseudo-action has a new kind of symmetry provided
we impose the constraint after the transformation. We proposed a prescription for the new
Feynman rules for the Ramond (R) sector so as to respect all these symmetries. It was
shown that the new rules reproduce the well-known on-shell tree-level amplitudes in the case
of four and five external states, including those that cannot be reproduced by the self-dual
Feynman rules which had already been proposed.4), 5), 6) The aim of this paper is to extend
these arguments to the heterotic string field theory and to propose a similar prescription
providing the new Feynman rules.
Similar to the open superstring field theory, the heterotic string field theory can also be
constructed utilizing the large Hilbert space,7), 8) which is WZW-like in the sense that the
Neveu-Schwarz (NS) action is constructed as a WZW-type action.8) In spite of this success
in the NS sector, it is difficult to construct a covariant action including the R sector, which is
a disadvantage of the formulation. Without introducing any extra degrees of freedom, only
the equations of motion have been constructed in a covariant manner.9), 10) Alternatively,
however, we can define the pseudo-action by introducing an auxiliary R string field. The
pseudo-action of the heterotic string field theory is non-polynomial in both the NS and R
string fields, which is required so as to reproduce the correct amplitudes,11), 12), 13), 14) and
was constructed at some lower order in the fermion expansion, the expansion with respect
to the number of the R string fields.9) The self-dual Feynman rules were also proposed in
a parallel way to the open superstring case and shown to reproduce the on-shell four-point
amplitudes.9) It was pointed out, however, that these rules contain some ambiguity, which
appears when we calculate the amplitudes with five or more external states including the
fermions.
We will examine, in this paper, the gauge symmetries of the pseudo-action in detail. It
will be found, at some lower order in Ψ , that the missing gauge symmetries, which have
been considered the symmetries of only the equations of motion, are realized as a new kind
of symmetry under which the pseudo-action is transformed into the form proportional to
the constraint. We will then improve the self-dual Feynman rules to those which respect all
these gauge symmetries and have no ambiguity. We will show that the new Feynman rules
reproduce the correct on-shell amplitudes at the tree level, at least for the case of four and
five external states including fermions.
This paper is organized as follows. In §2, we will first summarize the known basic
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properties of the WZW-like heterotic string field theory. After fixing the linearized gauge
symmetries, we will introduce the self-dual Feynman rules proposed previously. Then the
symmetries of the pseudo-action will be studied at lower-order levels in the fermion expan-
sion. It will be found that the pseudo-action is invariant under the missing gauge symmetries
if we suppose it to be subject to the constraint after the transformation. The new Feynman
rules will be proposed without ambiguity so as to respect all the gauge symmetries. The
on-shell tree-level amplitudes for the case of the four and the five external states including
fermions will be calculated in §3 and shown to agree with those obtained in the first quan-
tized formulation. The final section §4 is devoted to the conclusion and discussion. Some
lengthy results of the missing gauge symmetries at a higher order will be given in Appendix.
The higher-order corrections to the constraint, which do not exist in the case of the open
superstring, first become important at this order.
§2. WZW-like heterotic string field theory and the self-dual Feynman rules
In this section, after introducing the WZW-like heterotic string field theory including the
R sector, we will recall the self-dual Feynman rules. Examining the gauge symmetries of the
pseudo-action, we will propose a prescription for the new Feynman rules, which respects all
the gauge symmetries.
2.1. WZW-like heterotic string field theory
We denote the Neveu-Schwarz (NS) string as V , which is Grassmann odd and has the
ghost and picture numbers (G,P ) = (1, 0). The action for the NS sector of the heterotic
string field theory is given by a WZW-type action,
SNS =
∫ 1
0
dt〈ηV,G(tV )〉, (2.1)
where the pure-gauge string field G(tV ) is defined as
G(tV ) = tQV +
κ
2
t2[V,QV ] +
κ2
3!
t3
(
[V, (QV )2] + [V, [V,QV ]]
)
+ · · · , (2.2)
by integrating the gauge transformation of the bosonic closed string field theory.8) The
BRST charge Q and the string products satisfy the algebraic relation14)
0 = Q[B1, B2, · · · , Bn] +
n∑
i=1
(−1)B1+···+Bi−1 [B1, · · · , QBi, · · · , Bn]
+
∑
{il,jk}
l+k=n
σ(il, jk)[Bi1 , · · · , Bil, [Bj1 , · · · , Bjk ]], (2.3)
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where σ(il, jk) is a sign factor defined to be the sign picked up when one rearranges the
sequence {Q,B1, · · · , Bn} into the order {Bi1, · · · , Bil , Q,Bj1, · · · , Bjk}. The arbitrary vari-
ation of the integrand of the action becomes the total derivative, and is integrated as
δSNS = −〈Bδ(V ), ηG(V )〉, (2.4)
where Bδ(V ) is a function of V and δV defined by a solution of some specific ordinary
differential equation,3) whose first few terms are given by∗)
Bδ(V ) = δV +
κ
2
[V, δV ] +
κ2
6
(2[V,QV, δV ] + [V, [V, δV ]]) + · · · . (2.5)
The pseudo-action for the R sector is constructed by introducing two R strings, Ψ and Ξ ,
which are both Grassmann odd and have the ghost and picture numbers (G,P ) = (1, 1/2)
and (1,−1/2), respectively. The fermion bilinear term of the pseudo-action is then given by
a straightforward extension of that of the open superstring field theory as
SR[2] = −
1
2
〈ηΨ,QGΞ〉, (2.6)
where the shifted BRST charge QG is defined by the operator acting on a general string field
B as
QGB = QB +
∞∑
m=1
κm
m!
[G(V )m, B]. (2.7)
From simple consideration, however, one can easily see that the pseudo-action has to be
non-polynomial not only in the NS string field but also in the R string fields to reproduce
the on-shell fermion amplitudes.9) The explicit form of such a pseudo-action can in principle
be obtained order by order in the fermions, the number of the R string fields,
SR =
∞∑
n=1
SR[2n], (2.8)
starting from (2.6), where each SR[2n] contains n Ψ and n Ξ . In particular, the next-leading
(four-fermion) action, which is necessary for calculating the four- and five-point amplitudes
in the next section, is given by
SR[4] =
κ2
4!
〈ηΨ, [Ψ, (QGΞ)
2]G〉. (2.9)
∗) This relation is invertible and solved by δV as
δV (Bδ) = Bδ −
κ
2
[V,Bδ]−
κ2
12
(4[V,QV,Bδ]− [V, [V,Bδ]]) + · · · .
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Here the shifted string product [·]G is defined by
[B1, · · · , Bn]G =
∞∑
m=0
κm
m!
[G(V )m, B1, · · · , Bn], (2.10)
for general n string fields {B1, · · · , Bn}. The equations of motion derived from the variation
of S = SNS + SR agree with those obtained without introducing the auxiliary field,
9), 10) if
we impose the constraint
QGΞ = Ω, (2.11)
where∗)
Ω = ηΨ +
κ2
3!
[Ψ, (ηΨ )2]G + · · · . (2.12)
In this sense, the pseudo-action (2.8) describes the R sector of the heterotic string field
theory.
2.2. Gauge fixing and the self-dual Feynman rules
Let us next explain how tree-level amplitudes are calculated in this formulation. For the
NS sector, the Feynman rules can be derived from the action (2.1) in a conventional way.
Expanding the action in the power of the coupling constant κ,
SNS =
∞∑
n=0
S
(n)
NS, (2.13)
the kinetic term of the NS string is given by
S
(0)
NS =
1
2
〈ηV,QV 〉. (2.14)
Since this is invariant under the gauge transformations
δV = QΛ0 + ηΛ1, (2.15)
we have to fix these symmetries to obtain the propagator. If we impose the simplest gauge
conditions,
b+0 V = ξ0V = 0, (2.16)
the NS propagator is given by
V V ≡ ΠNS = ξ0
b−0 b
+
0
L+0
δ(L−0 )
=
∫ ∞
0
dT
∫ 2pi
0
dθ
2pi
(ξ0b
−
0 b
+
0 )e
−TL+
0
−iθL−
0 . (2.17)
∗) This Ω is denoted as B
−1/2 in Ref. 10), which can be determined order by order in Ψ .
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The three and four NS string vertices, which are necessary for the calculation in the next
section, are given by
S
(1)
NS =
κ
3!
〈ηV, [V,QV ]〉, (2.18)
S
(2)
NS =
κ2
4!
〈ηV, [V, (QV )2]〉+
κ2
4!
〈ηV, [V, [V,QV ]]〉. (2.19)
Note that the first term in the four-point vertices (2.19) contains the integration over two
parameters (moduli) realized by the restricted tetrahedron,11), 12) and corresponding anti-
ghost insertion.13), 14) The second term in (2.19), on the other hand, is integrated over one
parameter, the twist angle of the collapsed propagator.
For the R sector, however, the Feynman rules cannot be uniquely derived from the pseudo-
action (2.8) since it is not the true action. We can only propose some plausible Feynman
rules and confirm whether they reproduce the correct physical on-shell amplitudes. In the
previous paper, we proposed the Feynman rules, which we refer to as the self-dual Feynman
rules and confirmed that they actually reproduce the well-known four-point amplitudes with
external fermions.9) We first summarize the self-dual Feynman rules. Similar to the NS case,
we can expand the pseudo-action in the power of the coupling constant κ as
SR =
∞∑
n=0
S
(n)
R[2] +
∞∑
n=0
S
(n)
R[4] + · · · . (2
.20)
The kinetic term of the R string,
S
(0)
R[2] = −
1
2
〈ηΨ,QΞ〉, (2.21)
is invariant under the gauge transformations
δΨ = QΛ 1
2
+ ηΛ 3
2
, δΞ = QΛ− 1
2
+ ηΛ˜ 1
2
. (2.22)
Fixing them by the same gauge conditions as for the NS string, (2.16),
b+0 Ψ = ξ0Ψ = 0, b
+
0 Ξ = ξ0Ξ = 0, (2.23)
the propagator of the R sector in this gauge is given by
ΨΞ = ΞΨ ≡ ΠR
= − 2ξ0
b−0 b
+
0
L+0
δ(L−0 ) = −2ΠNS. (2.24)
For the R sector, in addition, the constraint (2.11) has to be taken into account. For the
on-shell external states, this is naturally implemented by simply restricting them to those
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satisfying the linearized constraint, QΞ = ηΨ . In contrast, however, the prescription for
the off-shell (propagating) states is not unique. The self-dual Feynman rules are defined by
adopting a prescription in which only the self-dual part ω = (QΞ + ηΨ )/2 of the R strings
propagates through the effective propagator
ωω =
1
4
(QΠRη + ηΠRQ)
=−
1
2
(QΠNSη + ηΠNSQ). (2.25)
Although the fermion interaction vertices can be obtained by replacing the R string fields
with their self-dual part, we need some preparation since, unlike the case of the open su-
perstring field theory, the R string fields do not appear only in the form of QΞ or ηΨ . For
example, the terms with three, four and five string fields needed in the next section are given
as
S
(1)
R[2] = −
κ
2
〈ηΨ, [QV,Ξ ]〉, (2.26a)
S
(2)
R[2] = −
κ2
4
〈ηΨ, [(QV )2, Ξ ]〉 −
κ2
4
〈ηΨ, [[V,QV ], Ξ ]〉, (2.26b)
S
(2)
R[4] =
κ2
4!
〈ηΨ, [Ψ, (QΞ)2]〉, (2.26c)
S
(3)
R[2] = −
κ3
12
〈ηΨ, [(QV )3, Ξ ]〉 −
κ3
12
〈ηΨ, [[V, (QV )2], Ξ ]〉,
−
κ3
4
〈ηΨ, [[V,QV ], QV, Ξ ]〉 −
κ3
12
〈ηΨ, [[V, [V,QV ]], Ξ ]〉, (2.26d)
S
(3)
R[4] =
κ3
4!
〈ηΨ, [QV, Ψ, (QΞ)2]〉+
κ3
12
〈ηΨ, [Ψ,QΞ, [QV,Ξ ]]〉, (2.26e)
by expanding the pseudo-action SR, where both the Ψ and Ξ appear in the form not accom-
panied by η and Q, respectively. Nevertheless, if we assume that the field redefinition
Ξ˜ = Ξ − κ[V,Ξ ]−
κ2
2
[V,QV,Ξ ] +
κ2
2
[V, [V,Ξ ]]−
κ3
3!
[V, (QV )2, Ξ ] +
κ3
3
[V, [V,QV,Ξ ]]
+
κ3
3!
[V,QV, [V,Ξ ]]−
κ3
3!
[[V,QV ], V, Ξ ]−
κ3
3!
[V, [V, [V,Ξ ]]] + · · · (2.27)
does not affect the on-shell physical amplitudes, as with the point transformation in the
conventional quantum field theory, we can rewrite (2.26) so that the Ξ˜ always appears in
the form of QΞ˜ thanks to the relation
QGΞ = QΞ˜ + κ[V,QΞ˜] +
κ2
2
[V,QV,QΞ˜ ] +
κ2
2
[V, [V,QΞ˜]]
+
κ3
3!
[V, (QV )2, QΞ˜] +
κ3
3!
[V, [V,QV,QΞ˜ ]] +
κ3
3
[V,QV, [Q,QΞ˜ ]]
+
κ3
3!
[[V,QV ], V, QΞ˜] +
κ3
3!
[V, [V, [V,QΞ˜ ]]] + · · · . (2.28)
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Then we can replace QΞ˜ with ω in the alternative expression. Contrary to this, the pre-
scription for Ψ is not unique but depends on the gauge condition in general. In the simplest
gauge (2.23), we can replace Ψ with ξ0ω since Ψ = {η, ξ0}Ψ = ξ0ηΨ . However, we have two
choices in replacing ηΨ ; either we simply replace it with ω, or η(ξ0ω) in accordance with the
above prescription for Ψ . Since ω 6= ηξ0ω for the off-shell states, this is an ambiguity in the
self-dual Feynman rules, which does not appear in the four-point amplitudes. If we take the
former choice, the interaction vertices for the self-dual rules become
S˜
(1)
R[2] = −
κ
2
〈ω, [V, ω]〉, (2.29)
S˜
(2)
R[2] = −
κ2
4!
〈ω, [V,QV, ω]〉, (2.30)
S˜
(2)
R[4] =
κ2
4!
〈ξ0ω, [ω
3]〉, (2.31)
S˜
(3)
R[2] = −
κ3
12
〈ω, [V, (QV )2, ω]〉 −
κ3
12
〈ω, [V, [V,QV, ω]]〉 −
κ3
6
〈ω, [V,QV, [V, ω]]〉
−
κ3
12
〈ω, [V, ω, [V,QV ]]〉 −
κ3
12
〈ω, [V, [V, [V, ω]]]〉, (2.32)
S˜
(3)
R[4] =
κ3
4!
〈ξ0ω, [QV, ω
3]〉+
κ3
12
〈ξ0ω, [ω
2, [V, ω]]〉, (2.33)
after the replacements. It was shown that these self-dual Feynman rules reproduce the
well-known on-shell tree-level amplitudes for the case of four external states including the
fermions.9)
2.3. Gauge symmetries and the new Feynman rules
In order to revise the Feynman rules, let us examine the gauge symmetries in detail. As
was pointed out in Ref. 9), the total action, S = SNS + SR, is invariant under the gauge
transformations
Bδ = QGΛ0, δΨ = 0, δΞ = QGΛ− 1
2
(2.34)
by construction. The self-dual Feynman rules respect these symmetries since both of the
QGΞ and Ω are invariant under (2.34). However, they do not include all the gauge symme-
tries at the linearized level, (2.15) and (2.22), which have to be fixed to invert the kinetic
terms, (2.14) and (2.21). We can show, at some lower order in Ψ , that the missing symmetries
are realized as those provided we impose the constraint after transformation.
Let us first consider the transformation generated by Λ1 in (2.15), which is extended to
the nonlinear form
B
[0]
δΛ1
= ηΛ1 (2.35)
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at the leading (zeroth) order of Ψ so as to keep the NS action (2.1) invariant:
δ[0]SNS = 0. (2.36)
We can define the next-order transformation,
δ
[0]
Λ1
Ψ = − κ[Ψ, ηΛ1]G, δ
[0]
Λ1
Ξ = −κ[Ξ, ηΛ1]G, (2.37)
B
[2]
δΛ1
=
κ2
2
[Ψ,QGΞ, ηΛ1]G, (2.38)
so that the total action is invariant up to the higher-order corrections:
δ[2]SNS + δ
[0]SR[2] = 0. (2.39)
At the next-next-order, however, we cannot keep the action invariant. Instead, we can find
the transformations,
δ
[2]
Λ1
Ψ =
κ3
6
[Ψ,QGΨ,QGΞ, ηΛ1]G −
κ3
4
[Ψ, [Ψ,QGΞ, ηΛ1]G]G
+
κ3
4
[[Ψ,QGΞ ]G, Ψ, ηΛ1]G, (2.40)
δ
[2]
Λ1
Ξ =
κ3
6
[Ψ, (QGΞ)
2, ηΛ1]G −
κ3
2
[Ξ, [Ψ,QGΞ, ηΛ1]G]G, (2.41)
B
[4]
δΛ1
= −
κ4
4!
[Ψ,QGΨ, (QGΞ)
2, ηΛ1]G +
κ4
4!
[Ψ, [Ψ, (QGΞ)
2, ηΛ1]G]G
+
κ4
8
[Ψ,QGΨ, [Ψ,QGΞ, ηΛ1]G]G −
κ4
8
[[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ1]G
−
κ4
4!
[[Ψ, (QGΞ)
2]G, Ψ, ηΛ1]G, (2.42)
by which the pseudo-action is transformed to the form proportional to the constraint (2.11):
δ
[4]
Λ1
SNS+δ
[2]
Λ1
S[2] + δ
[0]
Λ1
SR[4]
=
κ3
4!
〈ηΛ1, [Ψ,QGΞ, [ηΨ,QGΞ ]G]G〉 −
κ3
4!
〈ηΛ1, [Ψ, ηΨ, [(QGΞ)
2]G]G〉
+
κ3
4!
〈ηΨ, [(QGΞ)
2, [Ψ, ηΨ ]G]G〉 −
κ3
4!
〈ηΨ, [ηΨ,QGΞ, [Ψ,QGΞ ]G]G〉. (2.43)
The right-hand side vanishes, up to the higher-order corrections, if we impose the constraint
(2.11). We can also construct the nonlinear transformation generated by Λ1/2. The leading-
order transformation,
B
[0]
δΛ1/2
= 0, δ
[0]
Λ1/2
Ψ = QGΛ 1
2
, δ
[0]
Λ1/2
Ξ = 0, (2.44)
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is first combined with
B
[2]
δΛ
1/2
= −
κ
2
[Ξ,QGΛ 1
2
]G, (2.45)
which keeps the pseudo-action invariant at O(Ψ 2):
δ
[2]
Λ1/2
SNS + δ
[0]
Λ1/2
SR[2] = 0. (2.46)
This can be extended to the next order as
δ
[2]
Λ1/2
Ψ = −
κ2
3!
[Ψ,QGΞ,QGΛ 1
2
]G, (2.47)
δ
[2]
Λ1/2
Ξ = −
κ2
3!
[Ξ,QGΞ,QGΛ 1
2
]G +
κ2
3!
[Ξ, [Ξ,QGΛ 1
2
]G]G, (2.48)
B
[4]
δΛ1/2
=
κ3
4!
[Ψ, (QGΞ)
2, QGΛ 1
2
]G, (2.49)
which transforms the pseudo-action in the form proportional to the constraint as
δ
[4]
Λ1/2
SNS+δ
[2]
Λ1/2
SR[2] + δ
[0]
Λ1/2
SR[4]
=
κ2
12
〈QGΛ 1
2
, [QGΞ, [Ξ, ηΨ ]G]G〉 −
κ2
12
〈QGΛ 1
2
, [ηΨ, [Ξ,QGΞ ]G]G. (2.50)
The remaining two gauge symmetries in (2.22) generated by Λ3/2 and Λ˜1/2 can similarly be
found order by order in Ψ . The transformation
B
[0]
δΛ3/2
= B
[2]
δΛ3/2
= 0, δ
[0]
Λ3/2
Ψ = ηΛ 3
2
, δ
[0]
Λ3/2
Ξ = 0, (2.51)
can be improved by combining with the corrections
δ
[2]
Λ3/2
Ψ =
κ2
3!
[Ψ,QGΞ, ηΛ 3
2
]G, δ
[2]
Λ3/2
Ξ = 0, (2.52)
B
[4]
δΛ3/2
= −
κ3
4!
[Ψ, (QGΞ)
2, ηΛ 3
2
]G, (2.53)
so as to keep the pseudo-action invariant up to O(Ψ 4):
δ
[2]
Λ3/2
SNS + δ
[0]
Λ3/2
SR[2] = 0, (2.54)
δ
[4]
Λ3/2
SNS + δ
[2]
Λ3/2
SR[2] + δ
[0]
Λ3/2
SR[4] = 0. (2.55)
This is also a new kind of symmetry, which is shown in Appendix by constructing the next-
order correction. The last gauge transformation, defined at the linearized level by
B
[0]
δΛ˜1/2
= 0, δ
[0]
Λ˜1/2
Ψ = 0, δ
[0]
Λ˜1/2
Ξ = ηΛ˜ 1
2
, (2.56)
10
can be improved by the next-order correction
B
[2]
δΛ˜1/2
=
κ
2
[Ψ, ηΛ˜ 1
2
]G, (2.57)
to make the action invariant at O(Ψ 2):
δ
[2]
Λ˜1/2
SNS + δ
[0]
Λ˜1/2
SR[2] = 0. (2.58)
We can find the next-order transformation,
δ
[2]
Λ˜1/2
Ψ =
κ2
6
[Ψ,QGΨ, ηΛ˜ 1
2
]G −
κ2
3
[Ψ, [Ψ, ηΛ˜ 1
2
]G]G (2.59)
δ
[2]
Λ˜1/2
Ξ =
κ2
3
[Ψ,QGΞ, ηΛ˜ 1
2
]G −
κ2
2
[Ξ, [Ψ, ηΛ˜ 1
2
]G]G, (2.60)
B
[4]
δΛ˜1/2
= −
κ3
12
[Ψ,QGΨ,QGΞ, ηΛ˜ 1
2
]G +
κ3
12
[Ψ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G
+
κ3
6
[Ψ,QGΞ, [Ψ, ηΛ˜ 1
2
]G]G −
κ3
6
[[Ψ,QGΞ ]G, Ψ, ηΛ˜ 1
2
]G, (2.61)
so as to transform the pseudo-action in the form proportional to the constraint at O(Ψ 4):
δ
[4]
Λ˜1/2
SNS + δ
[2]
Λ˜1/2
SR[2] + δ
[0]
Λ˜1/2
SR[4]
=
κ2
12
〈ηΛ˜ 1
2
, [QGΞ, [Ψ, ηΨ ]G]G〉 −
κ2
12
〈ηΛ˜ 1
2
, [ηΨ, [Ψ,QGΞ ]G]G〉. (2.62)
From these considerations, it is natural to expect that these new types of gauge symme-
tries can be constructed order by order in Ψ , although we cannot yet prove it. We give the
next-order results as a further evidence in Appendix. They are also nontrivial in the sense
that the higher-order correction of the constraint is included.
Since all these gauge symmetries, including those provided by imposing the constraint,
must be important to reproduce the unitary amplitudes, we assume that they have to be
respected by the new Feynman rules and propose the following alternative prescription:
• Use the off-diagonal propagator (2.24) for the R string.
• Use the vertices (2.26) as they are without any restriction.
• Add two possibilities, Ξ and Ψ , for each external fermion, and impose the linearized
constraint, QΞ = ηΨ , on the on-shell external states.
Our claim is that this prescription respecting all the gauge symmetries is more suitable for
the Feynman rules suggested by the pseudo-action (2.8). This is supported by the fact that
there is no ambiguity, associated with the self-dual−anti-self-dual decomposition already
mentioned, in the new Feynman rules. The new prescription, in addition, has an advantage
that it does not require any special preparation like the field redefinition (2.27).
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§3. Amplitudes with external fermions
Using the new Feynman rules, we will explicitly calculate in this section the on-shell four-
and five-point amplitudes with external fermions. It will be shown that the results agree
with the well-known amplitudes obtained in the first quantized formulation.
3.1. Four-point amplitudes
The on-shell four-point amplitudes with external fermions were already calculated using
the self-dual Feynman rules and shown to agree with the well-known amplitudes obtained
in the first quantized formulation.9) We first have to confirm that the new Feynman rules
also reproduce the same results.
Let us start from the calculation of the four-fermion amplitude AF 4. The contributions
come from the s-, t-, and u-channel diagrams constructed using two three-string vertices,
and also a contact-type diagram containing a four-string vertex.∗) In this paper, we denote
for example the s-channel diagram, schematically depicted by Fig. 1(a), as (AB|CD), where
A, B ,C, and D are labels which distinguish external strings. Since the order of strings A
and B, or C and D, has no meaning in the heterotic (closed) string theory, this has as much
information as this type of Feynman diagram. The t- and u-channel diagrams are denoted
by (AC|BD) and (AD|BC) in this notation, respectively. Using the new Feynman rules,
A
B
C
D
(1)
(2)
(3)
(4)
(a)
A B
C D
(1)
(2)
(3)
(4)
(b)
A B
CD
(1)
(2)
(3)
(4)
(c)
Fig. 1. Three four-point Feynman diagrams with one propagator: (a) s-channel, (b) t-channel and
(c) u-channel.
the s-channel contribution is written as
A
(AB|CD)
F 4 =
(
−
κ
2
)2 ∫ ∞
0
dT
∫ 2pi
0
dθ
2pi
〈(ηΨA(1)QΞB(2) +QΞA(1)ηΨB(2))
× (ξcb
−
c b
+
c )(ηΨC(3)QΞD(4) +QΞC(3)ηΨD(4))〉W , (3.1)
where the correlation is evaluated as the conformal field theory on the corresponding string
diagram. The insertions ξc, b
−
c , and b
+
c are the corresponding fields integrated along the
contour winding around the propagator. The numbers in the parentheses are the labels
which distinguish each leg of the diagram, but they are redundant if we always arrange the
∗) The corresponding string diagrams are depicted in Ref. 9).
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external states in order of the numbers from the left as in (3.1). We omit them hereafter by
taking this convention.∗) The t- and u-channel contributions can similarly be written as
A
(AC|BD)
F 4 =
κ2
4
∫
d2T 〈(ηΨA QΞC +QΞA ηΨC)(ξcb
−
c b
+
c )(ηΨB QΞD +QΞB ηΨD)〉W , (3.2)
A
(AD|BC)
F 4 =
κ2
4
∫
d2T 〈(ηΨA QΞD +QΞA ηΨD)(ξcb
−
c b
+
c )(ηΨB QΞC +QΞB ηΨC)〉W , (3.3)
where we used the shorthand notation
∫ ∞
0
dT
∫ 2pi
0
dθ
2pi
≡
∫
d2T. (3.4)
Unlike the open superstring case, a contact-type diagram also gives the contribution inte-
grated over a region of the moduli space not covered by those from these three diagrams.
It was shown that such a contribution can be realized using the four-string interaction rep-
resented by the restricted tetrahedron,11) or n-faced polyhedra for general n-string contact
interactions,12) parametrized by θI (I = 1, · · · , 2(n − 3)) in the notation in 13). Then the
contribution from the contact-type diagram (ABCD) is given by
A
(ABCD)
F 4 =
κ2
12
∫
dθ1dθ2 〈(bC1bC2)
(
(ηΨAΨB + ΨAηΨB)QΞCQΞD
+QΞAQΞB(ηΨCΨD + ΨCηΨD) + ηΨAQΞBΨCQΞD + ΨAQΞBηΨCQΞD
+QΞAηΨBQΞCΨD +QΞAΨBQΞCηΨD +QΞA(ηΨBΨC + ΨBηΨC)QΞD
+ ηΨAQΞBQΞCΨD + ΨAQΞBQΞCηΨD
)
〉W . (3.5)
Here the definition of the parameters θ1 and θ2, their integration region and the corresponding
contours C1 and C2, along which the anti-ghost insertions are integrated, are given in Ref. 13);
their explicit forms are not necessary here. Adding all these contributions and imposing the
linearized constraint QΞ = ηΨ on each external state, the on-shell four-fermion amplitude
eventually becomes
AF 4 = A
(AB|CD)
F 4 +A
(AC|BD)
F 4 +A
(AD|BC)
F 4 +A
(ABCD)
F 4
= κ2
∫
d2T
(
〈〈(ηΨA ηΨB (b
−
c b
+
c ) ηΨC ηΨD)〉〉W + 〈〈(ηΨA ηΨC (b
−
c b
+
c ) ηΨB ηΨD)〉〉W
+ 〈〈(ηΨA ηΨD (b
−
c b
+
c ) ηΨB ηΨC)〉〉W
)
+ κ2
∫
d2θ 〈〈(bC1bC2) ηΨA ηΨB ηΨC ηΨD〉〉W , (3.6)
∗) In Ref. 9), we have implicitly taken this convention and distinguished each external string by the
numbers 1− 4 instead of the letters A−D.
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where 〈〈· · ·〉〉W represents the correlation in the small Hilbert space:
〈〈O1 · · ·On〉〉 = 〈ξ O1 · · ·On〉, (3.7)
where O1, · · · ,On are the operators in the small Hilbert space. The ξ on the right-hand side
can either be local or integrated. The correlation is independent of its position or contour
since only the zero mode gives the non-vanishing contribution. Although we can, in principle,
map this expression (3.6) to the well-known form in the first quantized formulation evaluated
on the complex plane,15), 16), 17) it is not necessary if we notice that each term has the same
form as that in the bosonic closed string field theory with the identification of ηΨ and the
bosonic string fields, both of which have the same ghost number, G = 2. Using the fact
that the bosonic closed string field theory reproduces the correct perturbative amplitudes,
we can conclude that the amplitude (3.6) agrees with that obtained in the first quantized
formulation.
We can similarly calculate the two-boson-two-fermion amplitude. After a little manipu-
lation, the contributions from the s-, t- and u-channel diagrams become
A
(AB|CD)
F 2B2 =−
κ2
4
∫
d2T 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )(QVCηVD + ηVCQVD)〉W , (3.8)
A
(AC|BD)
F 2B2 =−
κ2
2
∫
d2T
(
〈ηΨAQVC(b
−
c b
+
c )ΞBQVD〉W + 〈ΞAQVC(b
−
c b
+
c )ηΨBQVD〉W
)
, (3.9)
A
(AD|BC)
F 2B2 =−
κ2
2
∫
d2T
(
〈ηΨAQVD(b
−
c b
+
c )ΞBQVC〉W + 〈ΞAQVD(b
−
c b
+
c )ηΨBQVC〉W
)
, (3.10)
respectively. The contribution from the contact-type diagram consists of two parts coming
from the two vertices in (2.26b):
A
(ABCD)
F 2B2 = −
κ2
2
∫
d2θ 〈(bC1bC2)(ηΨAΞB + ΞAηΨB)QVCQVD〉W
−
κ2
4
∮
dθ 〈(ηΨAΞB + ΞAηΨB) b
−
θ (QVCVD + VCQVD)〉W , (3
.11)
where ∮
dθ ≡
∫ 2pi
0
dθ
2pi
(3.12)
is the integration over the twist angle of the collapsed propagator, and b−θ is the corresponding
anti-ghost insertion. Although these four contributions other than the second term of (3.11)
cover the whole moduli space, they are not smoothly connected at each boundary since the
external states in each contribution appear in different forms (pictures). This gap is canceled
by the remaining contribution, the second term in (3.11).∗) We can show this by aligning the
∗) These discrepancies can be interpreted as coming from the difference of the positions of the picture-
changing operators.18) The second term in (3.11) corresponds to the contribution from the vertical integra-
tion introduced in Ref. 19).
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external bosons in the four contributions to the same form, say (QVC , ηVD). This is possible
by integrating by parts with respect to η and Q, but the latter produces extra boundary
contributions appearing through the relation∫ ∞
0
dTe−L
+
0
T{b+0 , Q} = −
∫ ∞
0
dT
∂
∂T
e−L
+
0
T (3.13)
and the similar relation for the anti-ghost insertions in the tetrahedron vertex, which can be
read from the algebraic relation (2.3) satisfied by the corresponding string products. After
such an alignment, each contribution becomes
A
(AB|CD)
F 2B2 =−
κ2
2
∫
d2T 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )QVCηVD〉W
+
κ2
4
∮
dθ 〈(ηΨAQΞB +QΞAηΨB) b
−
θ VCVD〉W , (3.14)
A
(AC|BD)
F 2B2 =−
κ2
2
∫
d2T
(
〈ηΨAQVC(ξcb
−
c b
+
c )QΞBηVD〉W + 〈QΞAQVC(ξcb
−
c b
+
c )ηΨBηVD〉W
)
+
κ2
2
∮
dθ
(
〈ηΨAQVC b
−
θ ΞBVD〉W + 〈ηΨBVD b
−
θ ΞAQVC〉W
)
, (3.15)
A
(AD|BC)
F 2B2 =−
κ2
2
∫
d2T
(
〈ηΨAηVD(ξcb
−
c b
+
c )QΞBQVC〉W + 〈QΞAηVD(ξcb
−
c b
+
c )ηΨBQVC〉W
)
+
κ2
2
∮
dθ
(
〈ηΨAVD b
−
θ ΞBQVC〉W + 〈ηΨBQVC b
−
θ ΞAVD〉W
)
, (3.16)
A
(ABCD)
F 2B2 =−
κ2
2
∫
d2θ 〈ξ(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVCηVD〉W
−
κ2
4
∮
dθ
(
〈(ηΨAQΞB +QΞAηΨB) b
−
θ VCVD〉W
+ 2〈ηΨAQVC b
−
θ ΞBVD〉W + 2〈ηΨAVD b
−
θ ΞBQVC〉W
+ 2〈ηΨBQVC b
−
θ ΞAVD〉W + 2〈ηΨBVD b
−
θ ΞAQVC〉W
)
. (3.17)
We can easily see that the boundary contributions are completely canceled, and the total
amplitude becomes
AF 2B2 = A
(AB|CD)
F 2B2 +A
(AC|BD)
F 2B2 +A
(AD|BC)
F 2B2 +A
(ABCD)
F 2B2
=−
κ2
2
∫
d2T
(
〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )QVCηVD〉W
+ 〈ηΨAQVC(ξcb
−
c b
+
c )QΞBηVD〉W + 〈QΞAQVC(ξcb
−
c b
+
c )ηΨBηVD〉W
+ 〈ηΨAηVD(ξcb
−
c b
+
c )QΞBQVC〉W + 〈QΞAηVD(ξcb
−
c b
+
c )ηΨBQVC〉W
)
−
κ2
2
∫
d2θ 〈ξ(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVCηVD〉W , (3.18)
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and can be rewritten as
AF 2B2 =− κ
2
∫
d2T
(
〈〈ηΨAηΨB(b
−
c b
+
c )QVCηVD〉〉W + 〈〈ηΨAQVC(b
−
c b
+
c )ηΨBηVD〉〉W
+ 〈〈ηΨAηVD(b
−
c b
+
c )ηΨBQVC〉〉W
)
− κ2
∫
d2θ 〈〈(bC1bC2)ηΨAηΨBQVCηVD〉〉W , (3.19)
after imposing the constraint. Similarly to the case of the four-fermion amplitude, this final
expression agrees with that in the bosonic closed string field under the identification of the
external bosonic strings and the external strings in (3.19), that is, ηΨ , QV and ηV .∗) Thus,
we can again conclude that the well-known amplitude in the first quantized formulation is
correctly reproduced.
3.2. Five-point amplitudes
Let us next calculate the on-shell five-point amplitudes with external fermions. We follow
the convention in the previous subsection; we label the five external strings by A,B,C,D,
and E arranged in order of the number assigned to the legs as depicted in Figs. 2 and
3. There are three types of diagrams contributing to the five-point amplitudes, which we
refer to as the two-propagator (2P), one-propagator (1P), and no-propagator (NP) diagrams
corresponding to the number of propagators to be included. The 2P diagrams contain three
three-string vertices and two propagators as depicted in Fig. 2, which we simply denote as
(BC|A|DE). The 1P diagram contains one three-string vertex, one four-string vertex, and
A
B
C
D
E
(1)
(2)
(3)
(4)
(5)
Fig. 2. The topology of the five-point Feynman
diagrams with two propagators.
A
B
C
D
E
(1)
(2)
(3)
(4)
(5)
Fig. 3. The topology of the five-point Feynman
diagrams with one propagator.
one propagator as depicted in Fig. 3. We denote this diagram as (AB|CDE).
There are two types of five-point amplitudes including external fermions: the four-
fermion-one-boson (F 4B) and two-fermion-three-boson (F 2B3) amplitudes. Let us first cal-
culate the former, F 4B, amplitude. Suppose that the strings A,B,C, and D are fermions
∗) The overall minus sign should be corrected if we rewrite it using the physical vertex operators in Ψ .
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and the string E is a boson. We begin with the calculation of the contributions from the fif-
teen, (5C1×4C2)/2, 2P diagrams. For example, the contribution of the diagram (BC|A|DE)
is calculated as
A
(BC|A|DE)
F 4B =
(
−
κ
2
)3
(−2)
∫
d2T1
∫
d2T2
(
〈(ηΨBΞC + ΞBηΨC)
× (Qξc1b
−
c1b
+
c1Q)ηΨA(ξc2b
−
c2b
+
c2η)ΞDQVE〉W
+ 〈(ηΨBΞC + ΞBηΨC)(Qξc1b
−
c1
b+c1Q)ΞA(ηξc2b
−
c2
b+c2)ηΨDQVE〉W
)
=
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨBQΞC +QΞBηΨC)
× (ξc1b
−
c1
b+c1)ηΨA(b
−
c2
b+c2)QΞDQVE〉W
+ 〈(ηΨBQΞC +QΞBηΨC)(ξc1b
−
c1b
+
c1)QΞA(b
−
c2b
+
c2)ηΨDQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨBQΞC +QΞBηΨC)
× (ξcb
−
c b
+
c )(ηΨA b
−
θ ΞD −ΞA b
−
θ ηΨD)QVE〉W
+ 〈ΞDQVE(ξcb
−
c b
+
c )ηΨA b
−
θ (ηΨBQΞC +QΞBηΨC)〉W
)
, (3.20)
where the inserted operators, ξci or b
±
ci
, are integrated along the contour winding around
the i-th propagator. We moved, by integrating by parts without exchanging the order of
Q and ξ, the operators Q and η in a way that acts on the external states. This produces
the boundary contributions, in which one of the two propagators collapsed. Eleven of the
remaining fourteen diagrams are obtained by simply relabeling the external fermions:
A
(BD|A|CE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨBQΞD +QΞBηΨD)
× (ξc1b
−
c1
b+c1)ηΨA(b
−
c2
b+c2)QΞCQVE〉W
+ 〈(ηΨBQΞD +QΞBηΨD)(ξc1b
−
c1b
+
c1)QΞA(b
−
c2b
+
c2)ηΨCQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨBQΞD +QΞBηΨD)
× (ξcb
−
c b
+
c )(ηΨA b
−
θ ΞC − ΞA b
−
θ ηΨC)QVE〉W
+ 〈ΞCQVE(ξcb
−
c b
+
c )ηΨA b
−
θ (ηΨBQΞD +QΞBηΨD)〉W
)
, (3.21)
A
(CD|A|BE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨCQΞD +QΞCηΨD)
× (ξc1b
−
c1
b+c1)ηΨA(b
−
c2
b+c2)QΞBQVE〉W
+ 〈(ηΨCQΞD +QΞCηΨD)(ξc1b
−
c1
b+c1)QΞA(b
−
c2
b+c2)ηΨBQVE〉W
)
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−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨCQΞD +QΞCηΨD)
× (ξcb
−
c b
+
c )(ηΨA b
−
θ ΞB −ΞA b
−
θ ηΨB)QVE〉W
+ 〈ΞBQVE(ξcb
−
c b
+
c )ηΨA b
−
θ (ηΨCQΞD +QΞCηΨD)〉W
)
, (3.22)
A
(AC|B|DE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞC +QΞAηΨC)
× (ξc1b
−
c1b
+
c1)ηΨB(b
−
c2b
+
c2)QΞDQVE〉W
+ 〈(ηΨAQΞC +QΞAηΨC)(ξc1b
−
c1
b+c1)QΞB(b
−
c2
b+c2)ηΨDQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨAQΞC +QΞAηΨC)
× (ξcb
−
c b
+
c )(ηΨB b
−
θ ΞD −ΞB b
−
θ ηΨD)QVE〉W
+ 〈ΞDQVE(ξcb
−
c b
+
c )ηΨB b
−
θ (ηΨAQΞC +QΞAηΨC)〉W
)
, (3.23)
A
(AD|B|CE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞD +QΞAηΨD)
× (ξc1b
−
c1
b+c1)ηΨB(b
−
c2
b+c2)QΞCQVE〉W
+ 〈(ηΨAQΞD +QΞAηΨD)(ξc1b
−
c1b
+
c1)QΞB(b
−
c2b
+
c2)ηΨCQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨAQΞD +QΞAηΨD)
× (ξcb
−
c b
+
c )(ηΨB b
−
θ ΞC −ΞB b
−
θ ηΨC)QVE〉W
+ 〈ΞCQVE(ξcb
−
c b
+
c )ηΨB b
−
θ (ηΨAQΞD +QΞAηΨD)〉W
)
, (3.24)
A
(CD|B|AE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨCQΞD +QΞCηΨD)
× (ξc1b
−
c1
b+c1)ηΨB(b
−
c2
b+c2)QΞAQVE〉W
+ 〈(ηΨCQΞD +QΞCηΨD)(ξc1b
−
c1b
+
c1)QΞB(b
−
c2b
+
c2)ηΨAQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨCQΞD +QΞCηΨD)
(ξcb
−
c b
+
c )(ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA)QVE〉W
+ 〈ΞAQVE(ξcb
−
c b
+
c )ηΨB b
−
θ (ηΨCQΞD +QΞCηΨD)〉W
)
, (3.25)
A
(AB|C|DE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞB +QΞAηΨB)
× (ξc1b
−
c1
b+c1)ηΨC(b
−
c2
b+c2)QΞDQVE〉W
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+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1b
+
c1)QΞC(b
−
c2b
+
c2)ηΨDQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨAQΞB +QΞAηΨB)
× (ξcb
−
c b
+
c )(ηΨC b
−
θ ΞD − ΞC b
−
θ ηΨD)QVE〉W
+ 〈ΞDQVE(ξcb
−
c b
+
c )ηΨC b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.26)
A
(AD|C|BE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞD +QΞAηΨD)
× (ξc1b
−
c1
b+c1)ηΨC(b
−
c2
b+c2)QΞBQVE〉W
+ 〈(ηΨAQΞD +QΞAηΨD)(ξc1b
−
c1b
+
c1)QΞC(b
−
c2b
+
c2)ηΨBQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨAQΞD +QΞAηΨD)
× (ξcb
−
c b
+
c )(ηΨC b
−
θ ΞB −ΞC b
−
θ ηΨB)QVE〉W
+ 〈ΞBQVE(ξcb
−
c b
+
c )ηΨC b
−
θ (ηΨAQΞD +QΞAηΨD)〉W
)
, (3.27)
A
(BD|C|AE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨBQΞD +QΞBηΨD)
× (ξc1b
−
c1
b+c1)ηΨC(b
−
c2
b+c2)QΞAQVE〉W
+ 〈(ηΨBQΞD +QΞBηΨD)(ξc1b
−
c1b
+
c1)QΞC(b
−
c2b
+
c2)ηΨAQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨBQΞD +QΞBηΨD)
× (ξcb
−
c b
+
c )(ηΨC b
−
θ ΞA − ΞC b
−
θ ηΨA)QVE〉W
+ 〈ΞAQVE(ξcb
−
c b
+
c )ηΨC b
−
θ (ηΨBQΞD +QΞBηΨD)〉W
)
, (3.28)
A
(AB|D|CE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞB +QΞAηΨB)
× (ξc1b
−
c1
b+c1)ηΨD(b
−
c2
b+c2)QΞCQVE〉W
+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1
b+c1)QΞD(b
−
c2
b+c2)ηΨCQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨAQΞB +QΞAηΨB)
× (ξcb
−
c b
+
c )(ηΨD b
−
θ ΞC − ΞD b
−
θ ηΨC)QVE〉W
+ 〈ΞCQVE(ξcb
−
c b
+
c )ηΨD b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.29)
A
(AC|D|BE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞC +QΞAηΨC)
× (ξc1b
−
c1
b+c1)ηΨD(b
−
c2
b+c2)QΞBQVE〉W
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+ 〈(ηΨAQΞC +QΞAηΨC)(ξc1b
−
c1b
+
c1)QΞD(b
−
c2b
+
c2)ηΨBQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨAQΞC +QΞAηΨC)
× (ξcb
−
c b
+
c )(ηΨD b
−
θ ΞB −ΞD b
−
θ ηΨB)QVE〉W
+ 〈ΞBQVE(ξcb
−
c b
+
c )ηΨD b
−
θ (ηΨAQΞC +QΞAηΨC)〉W
)
, (3.30)
A
(BC|D|AE)
F 4B =
κ3
4
∫
d2T1
∫
d2T2
(
〈(ηΨBQΞC +QΞBηΨC)
× (ξc1b
−
c1
b+c1)ηΨD(b
−
c2
b+c2)QΞAQVE〉W
+ 〈(ηΨBQΞC +QΞBηΨC)(ξc1b
−
c1b
+
c1)QΞD(b
−
c2b
+
c2)ηΨAQVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈(ηΨBQΞC +QΞBηΨC)
× (ξcb
−
c b
+
c )(ηΨD b
−
θ ΞA − ΞD b
−
θ ηΨA)QVE〉W
+ 〈ΞAQVE(ξcb
−
c b
+
c )ηΨD b
−
θ (ηΨBQΞC +QΞBηΨC)〉W
)
. (3.31)
The last three contributions, coming from the diagrams including the boson in the center,
are obtained by calculating one of them, for example,
A
(AB|E|CD)
F 4B =
(
−
κ
2
)2 κ
3!
∫
d2T1
∫
d2T2
(
〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1b
+
c1Q)
× VE(ηξc2b
−
c2
b+c2)(ηΨCQΞD +QΞCηΨD)〉W
+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1b
+
c1η)
× VE(Qξc2b
−
c2
b+c2)(ηΨCQΞD +QΞCηΨD)〉W
+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1
b+c1)
×QVE(ηξc2b
−
c2b
+
c2)(ηΨCQΞD +QΞCηΨD)〉W
+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1
b+c1η)
×QVE(ξc2b
−
c2b
+
c2)(ηΨCQΞD +QΞCηΨD)〉W
+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1b
+
c1Q)
× ηVE(ξc2b
−
c2
b+c2)(ηΨCQΞD +QΞCηΨD)〉W
+ 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1b
+
c1)
× ηVE(Qξc2b
−
c2
b+c2)(ηΨCQΞD +QΞCηΨD)〉W
)
=
κ3
4
∫
d2T1
∫
d2T2 〈(ηΨAQΞB +QΞAηΨB)(ξc1b
−
c1
b+c1)
×QVE(b
−
c2
b+c2)(ηΨCQΞD +QΞCηΨD)〉W
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+
κ3
8
∫
d2T
∮
dθ
(
〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨCQΞD +QΞCηΨD)〉W
+ 〈(ηΨCQΞD +QΞCηΨD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.32)
and relabeling its external fermions as
A
(AC|E|BD)
F 4B =
κ3
4
∫
d2T1
∫
d2T2 〈(ηΨAQΞC +QΞAηΨC)(ξc1b
−
c1
b+c1)
×QVE(b
−
c2
b+c2)(ηΨBQΞD +QΞBηΨD)〉W
+
κ3
8
∫
d2T
∮
dθ
(
〈(ηΨAQΞC +QΞAηΨC)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨBQΞD +QΞBηΨD)〉W
+ 〈(ηΨBQΞD +QΞBηΨD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞC +QΞAηΨC)〉W
)
, (3.33)
A
(AD|E|BC)
F 4B =
κ3
4
∫
d2T1
∫
d2T2 〈(ηΨAQΞD +QΞAηΨD)(ξc1b
−
c1
b+c1)
×QVE(b
−
c2
b+c2)(ηΨBQΞC +QΞBηΨC)〉W
+
κ3
8
∫
d2T
∮
dθ
(
〈(ηΨAQΞD +QΞAηΨD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨBQΞC +QΞBηΨC)〉W
+ 〈(ηΨBQΞC +QΞBηΨC)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞD +QΞAηΨD)〉W
)
. (3.34)
Note that the external boson appears in the same formQVE in all the dominant contributions
integrated over (a part of) the full moduli space.
There are ten, 5C2, 1P diagrams classified two categories by whether the external boson
is attached to the three-string vertex or the four-string vertex. It is enough to calculate only
one of the contributions in each category, and the others can be obtained by relabeling the
external fermions. The amplitudes in the first category are given by
A
(AB|CDE)
F 4B =
κ3
4
∫
d2T
∫
d2θ 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨCQΞD +QΞCηΨD)QVE〉W
21
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× (ηΨC b
−
θ ΞD − ΞC b
−
θ ηΨD)QVE〉W
+ 2〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× (ηΨD b
−
θ ΞC − ΞD b
−
θ ηΨC)QVE〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨCQΞD +QΞCηΨD)〉W
)
, (3.35)
A
(AC|BDE)
F 4B =
κ3
4
∫
d2T
∫
d2θ 〈(ηΨAQΞC +QΞAηΨC)(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨBQΞD +QΞBηΨD)QVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞC +QΞAηΨC)(ξcb
−
c b
+
c )
× (ηΨB b
−
θ ΞD − ΞB b
−
θ ηD)QVE〉W
+ 2〈(ηΨAQΞC +QΞAηΨC)(ξcb
−
c b
+
c )
× (ηΨD b
−
θ ΞB − ΞD b
−
θ ηΨB)QVE〉W
− 〈(ηΨAQΞC +QΞAηΨC)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨBQΞD +QΞBηΨD)〉W
)
, (3.36)
A
(AD|BCE)
F 4B =
κ3
4
∫
d2T
∫
d2θ 〈(ηΨAQΞD +QΞAηΨD)(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨBQΞC +QΞBηΨC)QVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞD +QΞAηΨD)(ξcb
−
c b
+
c )
× (ηΨB b
−
θ ΞC −ΞB b
−
θ ηC)QVE〉W
+ 2〈(ηΨAQΞD +QΞAηΨD)(ξcb
−
c b
+
c )
× (ηΨC b
−
θ ΞB −ΞC b
−
θ ηΨB)QVE〉W
− 〈(ηΨAQΞD +QΞAηΨD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨBQΞC +QΞBηΨC)〉W
)
, (3.37)
A
(BC|ADE)
F 4B =
κ3
4
∫
d2T
∫
d2θ 〈(ηΨBQΞC +QΞBηΨC)(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨAQΞD +QΞAηΨD)QVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨBQΞC + QΞBηΨC)(ξcb
−
c b
+
c )
× (ηΨA b
−
θ ΞD −ΞA b
−
θ ηD)QVE〉W
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+ 2〈(ηΨBQΞC +QΞBηΨC)(ξcb
−
c b
+
c )
× (ηΨD b
−
θ ΞA −ΞD b
−
θ ηΨA)QVE〉W
− 〈(ηΨBQΞC +QΞBηΨC)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞD +QΞAηΨD)〉W
)
, (3.38)
A
(BD|ACE)
F 4B =
κ3
4
∫
d2T
∫
d2θ 〈(ηΨBQΞD +QΞBηΨD)(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨAQΞC +QΞAηΨC)QVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨBQΞD +QΞBηΨD)(ξcb
−
c b
+
c )
× (ηΨA b
−
θ ΞC −ΞA b
−
θ ηC)QVE〉W
+ 2〈(ηΨBQΞD +QΞBηΨD)(ξcb
−
c b
+
c )
× (ηΨC b
−
θ ΞA −ΞC b
−
θ ηΨA)QVE〉W
− 〈(ηΨBQΞD +QΞBηΨD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞC +QΞAηΨC)〉W
)
, (3.39)
A
(CD|ABE)
F 4B =
κ3
4
∫
d2T
∫
d2θ 〈(ηΨCQΞD +QΞCηΨD)(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨAQΞB +QΞAηΨB)QVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨCQΞD +QΞCηΨD)(ξcb
−
c b
+
c )
× (ηΨA b
−
θ ΞB − ΞA b
−
θ ηB)QVE〉W
+ 2〈(ηΨCQΞD + QΞCηΨD)(ξcb
−
c b
+
c )
× (ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA)QVE〉W
− 〈(ηΨCQΞD +QΞCηΨD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.40)
and those in the second category are
A
(AE|BCD)
F 4B =
κ3
6
∫
d2T
∫
d2θ
(
〈ηΨAQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
ηΨBQΞCQΞD +QΞBηΨCQΞD +QΞBQΞCηΨD
)
〉W
+ 〈QΞAQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
QΞBηΨCηΨD + ηΨBQΞCηΨD + ηΨBηΨCQΞD
)
〉W
)
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+
κ3
6
∫
d2T
∮
dθ
(
〈ΞAQVE(ξcb
−
c b
+
c )
×
(
ηΨB b
−
θ (ηΨCQΞD +QΞCηΨD) +QΞB b
−
θ ηΨCηΨD
+ ηΨC b
−
θ (ηΨBQΞD +QΞBηΨD) +QΞC b
−
θ ηΨBηΨD
+ ηΨD b
−
θ (ηΨBQΞC +QΞBηΨC) +QΞD b
−
θ ηΨBηΨC
)
〉W
)
−
κ3
12
∫
d2θ
∮
dθ 〈(bC1bC2)
(
ΨBηΨCQΞD + ΨBηΨDQΞC + ΨCηΨDQΞB
+ ΨCηΨBQΞD + ΨDηΨBQΞC + ΨDηΨCQΞB
)
b−θ ΞAQVE〉W , (3.41)
A
(BE|ACD)
F 4B =
κ3
6
∫
d2T
∫
d2θ
(
〈ηΨBQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
ηΨAQΞCQΞD +QΞAηΨCQΞD +QΞAQΞCηΨD
)
〉W
+ 〈QΞBQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
QΞAηΨCηΨD + ηΨAQΞCηΨD + ηΨAηΨCQΞD
)
〉W
)
+
κ3
6
∫
d2T
∮
dθ
(
〈ΞBQVE(ξcb
−
c b
+
c )
×
(
ηΨA b
−
θ (ηΨCQΞD +QΞCηΨD) +QΞA b
−
θ ηΨCηΨD
+ ηΨC b
−
θ (ηΨAQΞD +QΞAηΨD) +QΞC b
−
θ ηΨAηΨD
+ ηΨD b
−
θ (ηΨAQΞC +QΞAηΨC) +QΞD b
−
θ ηΨAηΨC
)
〉W
)
−
κ3
12
∫
d2θ
∮
dθ 〈(bC1bC2)
(
ΨAηΨCQΞD + ΨAηΨDQΞC + ΨCηΨDQΞA
+ ΨCηΨAQΞD + ΨDηΨAQΞC + ΨDηΨCQΞA
)
b−θ ΞBQVE〉W , (3.42)
A
(CE|ABD)
F 4B =
κ3
6
∫
d2T
∫
d2θ
(
〈ηΨCQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
ηΨAQΞBQΞD +QΞAηΨBQΞD +QΞAQΞBηΨD
)
〉W
+ 〈QΞCQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
QΞAηΨBηΨD + ηΨAQΞBηΨD + ηΨAηΨBQΞD
)
〉W
)
+
κ3
6
∫
d2T
∮
dθ 〈ΞCQVE(ξcb
−
c b
+
c )
×
(
ηΨA b
−
θ (ηΨBQΞD +QΞBηΨD) +QΞA b
−
θ ηΨBηΨD
+ ηΨB b
−
θ (ηΨAQΞD +QΞAηΨD) +QΞB b
−
θ ηΨAηΨD
+ ηΨD b
−
θ (ηΨAQΞB +QΞAηΨB) +QΞD b
−
θ ηΨAηΨB
)
〉W
)
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−
κ3
12
∫
d2θ
∮
dθ〈(bC1bC2)
(
ΨAηΨBQΞD + ΨAηΨDQΞB + ΨBηΨDQΞA
+ ΨBηΨAQΞD + ΨDηΨAQΞB + ΨDηΨBQΞA
)
b−θ ΞCQVE〉W , (3.43)
A
(DE|ABC)
F 4B =
κ3
6
∫
d2T
∫
d2θ
(
〈ηΨDQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
ηΨAQΞBQΞC +QΞAηΨBQΞC +QΞAQΞBηΨC
)
〉W
+ 〈QΞDQVE(ξcb
−
c b
+
c )(bC1bC2)
×
(
QΞAηΨBηΨC + ηΨAQΞBηΨC + ηΨAηΨBQΞC
)
〉W
)
+
κ3
6
∫
d2T
∮
dθ 〈ΞDQVE(ξcb
−
c b
+
c )
×
(
ηΨA b
−
θ (ηΨBQΞC +QΞBηΨC) +QΞA b
−
θ ηΨBηΨC
+ ηΨB b
−
θ (ηΨAQΞC +QΞAηΨC) +QΞB b
−
θ ηΨAηΨC
+ ηΨC b
−
θ (ηΨAQΞB +QΞAηΨB) +QΞC b
−
θ ηΨAηΨB
)
〉W
)
−
κ3
12
∫
d2θ
∮
dθ 〈(bC1bC2)
(
ΨAηΨBQΞC + ΨAηΨCQΞB + ΨBηΨCQΞA
+ ΨBηΨAQΞC + ΨCηΨAQΞB + ΨCηΨBQΞA
)
b−θ ΞDQVE〉W . (3
.44)
The contributions from the last (NP) diagram can also be divided into two parts; the dom-
inant part integrated over the whole moduli space and the boundary part coming from the
first and the second four-string vertices in (2.26e), respectively:
A
(ABCDE)
F 4B =
κ3
6
∫
d4θ 〈ξ(bC1bC2bC3bC4)
(
ηΨAηΨBQΞCQΞD + ηΨAQΞBηΨCQΞD
+ ηΨAQΞBQΞCηΨD +QΞAηΨBηΨCQΞD
+QΞAηΨBQΞCηΨD +QΞAQΞBηΨCηΨD
)
QVE〉W
+
κ3
12
∫
d2θ
∮
dθ
(
〈(bC1bC2)
(
ΨAηΨBQΞC + ΨAηΨCQΞB
+ ΨBηΨCQΞA + ΨBηΨAQΞC
+ ΨCηΨAQΞB + ΨCηΨBQΞA
)
b−θ ΞDQVE〉W
+ 〈(bC1bC2)
(
ΨBηΨCQΞD + ΨBηΨDQΞC
+ ΨCηΨDQΞB + ΨCηΨBQΞD
+ ΨDηΨBQΞC + ΨDηΨCQΞB
)
b−θ ΞAQVE〉W
+ 〈(bC1bC2)
(
ΨAηΨCQΞD + ΨAηΨDQΞC
+ ΨCηΨDQΞA + ΨCηΨAQΞD
+ ΨDηΨAQΞC + ΨDηΨCQΞA
)
b−θ ΞBQVE〉W
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+ 〈(bC1bC2)
(
ΨAηΨBQΞD + ΨAηΨDQΞB
+ ΨBηΨDQΞA + ΨBηΨAQΞD
+ ΨDηΨAQΞB + ΨDηΨBQΞA
)
b−θ ΞCQVE〉W
)
. (3.45)
The total amplitude is obtained by summing up all these contributions. Almost all the
boundary contributions are canceled, except for a small portion given by
−
κ3
12
∫
d2T
∮
dθ ×
(
〈ΞAQVE(ξcb
−
c b
+
c )
×
(
ηΨB b
−
θ (ηΨCQΞD +QΞCηΨD)− 2QΞB b
−
θ ηΨCηΨD
+ ηΨC b
−
θ (ηΨBQΞD +QΞBηΨD)− 2QΞC b
−
θ ηΨBηΨD
+ ηΨD b
−
θ (ηΨBQΞC +QΞBηΨC)− 2QΞD b
−
θ ηΨBηΨC
)
〉W
+ 〈ΞBQVE(ξcb
−
c b
+
c )
(
ηΨA b
−
θ (ηΨCQΞD +QΞCηΨD)− 2QΞA b
−
θ ηΨCηΨD
+ ηΨC b
−
θ (ηΨAQΞD +QΞAηΨD)− 2QΞC b
−
θ ηΨAηΨD
+ ηΨD b
−
θ (ηΨAQΞC +QΞAηΨC)− 2QΞD b
−
θ ηΨAηΨC
)
〉W
+ 〈ΞCQVE(ξcb
−
c b
+
c )
(
ηΨA b
−
θ (ηΨBQΞD +QΞBηΨD)− 2QΞA b
−
θ ηΨBηΨD
+ ηΨB b
−
θ (ηΨAQΞD +QΞAηΨD)− 2QΞB b
−
θ ηΨAηΨD
+ ηΨD b
−
θ (ηΨAQΞB +QΞAηΨB)− 2QΞD b
−
θ ηΨAηΨB)〉W
+ 〈ΞDQVE(ξcb
−
c b
+
c )
(
ηΨA b
−
θ (ηΨBQΞC +QΞBηΨC)− 2QΞA b
−
θ ηΨBηΨC
+ ηΨB b
−
θ (ηΨAQΞC +QΞAηΨC)− 2QΞB b
−
θ ηΨAηΨC
+ ηΨC b
−
θ (ηΨAQΞB +QΞAηΨB)− 2QΞC b
−
θ ηΨAηΨB)〉W
)
, (3.46)
which vanishes if we impose the constraint QΞ = ηΨ . In consequence, the total amplitude
can be written as the sum of the dominant contribution of each diagram, which can be
evaluated as the correlations in the small Hilbert space as
AF 4B = κ
3
∫
d2T1d
2T2
(
〈〈ηΨBηΨC(b
−
c1
b+c1)ηΨA(b
−
c2
b+c2)ηΨDQVE〉〉+ 14 terms
)
+ κ3
∫
d2Td2θ
(
〈〈ηΨAηΨB(b
−
c b
+
c )(bC1bC2)ηΨCηΨDQVE〉〉+ 9 terms
)
+ κ3
∫
d4θ 〈〈(bC1bC2bC3bC4)ηΨAηΨBηΨCηΨDQVE〉〉. (3.47)
after imposing the constraint. The first, second and third lines come from the 2P, 1P, and
NP diagrams, respectively. Each of these contributions has the same form as that in the
bosonic closed string field theory if we identify the bosonic string fields with ηΨ or QV .
Hence the four-fermion-one-boson amplitude calculated by the new Feynman rules agrees
with the well-known amplitude in the first quantized formulation.
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We can similarly calculate the two-fermion-three-boson, F 2B3, amplitude. The 2P dia-
gram (BC|A|DE) is, for example, given by
A
(BC|A|DE)
F 2B3 =
(
−
κ
2
)2 κ
2
(−2)
∫
d2T1
∫
d2T2
(
〈ηΨBQVC (ξc1b
−
c1b
+
c1η)
×ΞA(Qξc2b
−
c2
b+c2)(QVDηVE + ηVDQVE)〉W
+ 〈ΞBQVC (ηξc1b
−
c1b
+
c1)ηΨA
× (Qξc2b
−
c2
b+c2)(QVDηVE + ηVDQVE)〉W
)
, (3.48)
using the new Feynman rules. We can move Q, by integrating by parts, so as to act on Ξ ,
and align the external bosons as (QVC , QVD, ηVE), which are uniquely realized by requiring
not to exchange the order of Q and ξ:
A
(BC|A|DE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨBQVC(ξc1b
−
c1
b+c1)QΞA(b
−
c2
b+c2)QVDηVE〉W
+ 〈QΞBQVC(ξc1b
−
c1b
+
c1)ηΨA(b
−
c2b
+
c2)QVDηVE〉W
)
+
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨBQVC(b
−
c b
+
c )QΞA
+QΞBQVC(b
−
c b
+
c )ηΨA
)
b−θ VDVE〉W
+ 〈ΞBQVC(ξcb
−
c b
+
c )ηΨA b
−
θ (QVDηVE + ηVDQVE)〉W
+ 〈(QVDηVE + ηVDQVE)(ξcb
−
c b
+
c )
×
(
ηΨA b
−
θ ΞB −ΞA b
−
θ ηΨB
)
QVC〉W
+ 〈VDVE(b
−
c b
+
c )
(
ηΨA b
−
θ QΞB +QΞA b
−
θ ηΨB
)
QVC〉W
)
. (3.49)
According to this recipe, the contributions from the other fourteen diagrams are similarly
calculated as
A
(BD|A|CE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨBQVD(ξc1b
−
c1
b+c1)QΞA(b
−
c2
b+c2)QVCηVE〉W
+ 〈QΞBQVD(ξc1b
−
c1b
+
c1)ηΨA(b
−
c2b
+
c2)QVCηVE〉W
)
+
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨBQVD(b
−
c b
+
c )QΞA
+QΞBQVD(b
−
c b
+
c )ηΨA
)
b−θ VCVE〉W
+ 〈ΞBQVD(ξcb
−
c b
+
c )ηΨA b
−
θ (QVCηVE + ηVCQVE)〉W
+ 〈(QVCηVE + ηVCQVE)(ξcb
−
c b
+
c )
×
(
ηΨA b
−
θ ΞB −ΞA b
−
θ ηΨB
)
QVD〉W
+ 〈VCVE(b
−
c b
+
c )
(
ηΨA b
−
θ QΞB +QΞA b
−
θ ηΨB
)
QVD〉W
)
, (3.50)
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A
(BE|A|CD)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨBηVE(ξc1b
−
c1
b+c1)QΞA (b
−
c2
b+c2)QVCQVD〉W
+ 〈QΞBηVE(ξc1b
−
c1
b+c1)ηΨA (b
−
c2
b+c2)QVCQVD〉W
)
+
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨBVE(b
−
c b
+
c )QΞA +QΞBVE(b
−
c b
+
c )ηΨA
)
× b−θ (QVCVD + VCQVD)〉W
+ 〈ΞBQVE(ξcb
−
c b
+
c )ηΨA b
−
θ (QVCηVD + ηVCQVD)〉W
+ 〈(QVCηVD + ηVCQVD)(ξcb
−
c b
+
c )
×
(
ηΨA b
−
θ ΞB −ΞA b
−
θ ηΨB
)
QVE〉W
− 〈(QVCVD + VCQVD)(b
−
c b
+
c )
×
(
ηΨA b
−
θ QΞB +QΞA b
−
θ ηΨB
)
VE〉W
)
, (3.51)
A
(AC|B|DE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAQVC(ξc1b
−
c1
b+c1)QΞB(b
−
c2
b+c2)QVDηVE〉W
+ 〈QΞAQVC(ξc1b
−
c1b
+
c1)ηΨB(b
−
c2b
+
c2)QVDηVE〉W
)
+
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨAQVC(b
−
c b
+
c )QΞB
+QΞAQVC(b
−
c b
+
c )ηΨB
)
b−θ VDVE〉W
+ 〈ΞAQVC(ξcb
−
c b
+
c )ηΨB b
−
θ (QVDηVE + ηVDQVE)〉W
+ 〈(QVDηVE + ηVDQVE)(ξcb
−
c b
+
c )
×
(
ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA
)
QVC〉W
+ 〈VDVE(b
−
c b
+
c )
(
ηΨB b
−
θ QΞA +QΞB b
−
θ ηΨA
)
QVC〉W
)
, (3.52)
A
(AD|B|CE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAQVD(ξc1b
−
c1b
+
c1)QΞB(b
−
c2b
+
c2)QVCηVE〉W
+ 〈QΞAQVD(ξc1b
−
c1
b+c1)ηΨB(b
−
c2
b+c2)QVCηVE〉W
)
+
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨAQVD(b
−
c b
+
c )QΞB
+QΞAQVD(b
−
c b
+
c )ηΨB
)
b−θ VCVE〉W
+ 〈ΞAQVD(ξcb
−
c b
+
c )ηΨB b
−
θ (QVCηVE + ηVCQVE)〉W
+ 〈(QVCηVE + ηVCQVE)
× (ξcb
−
c b
+
c )
(
ηΨB b
−
θ ΞA −ΞB b
−
θ ηΨA
)
QVD〉W
+ 〈VCVE(b
−
c b
+
c )
(
ηΨB b
−
θ QΞA +QΞB b
−
θ ηΨA
)
QVD〉W
)
, (3.53)
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A
(AE|B|CD)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAηVE(ξc1b
−
c1
b+c1)QΞB (b
−
c2
b+c2)QVCQVD〉W
+ 〈QΞAηVE(ξc1b
−
c1
b+c1)ηΨB (b
−
c2
b+c2)QVCQVD〉W
)
+
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨAVE(b
−
c b
+
c )QΞB +QΞAVE(b
−
c b
+
c )ηΨB
)
× b−θ (QVCVD + VCQVD)〉W
+ 〈ΞAQVE(ξcb
−
c b
+
c )ηΨB b
−
θ (QVCηVD + ηVCQVD)〉W
+ 〈(QVCηVD + ηVCQVD)(ξcb
−
c b
+
c )
×
(
ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA
)
QVE〉W
− 〈(QVCVD + VCQVD)(b
−
c b
+
c )
×
(
ηΨB b
−
θ QΞA +QΞB b
−
θ ηΨA
)
VE〉W
)
, (3.54)
A
(AB|C|DE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2 〈(ηΨAQΞB +QΞAηΨB)
× (ξc1b
−
c1
b+c1)QVC(b
−
c2
b+c2)QVDηVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞB +QΞAηΨB)(b
−
c b
+
c )QVC b
−
θ VDVE〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VC b
−
θ (QVDηVE + ηVDQVE)〉W
− 〈(QVDηVE + ηVDQVE)(ξcb
−
c b
+
c )
× VC b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
+ 2〈VDVE(b
−
c b
+
c )QVC b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.55)
A
(AD|C|BE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAQVD(ξc1b
−
c1b
+
c1)QVC(b
−
c2b
+
c2)QΞBηVE〉W
+ 〈QΞAQVD(ξc1b
−
c1
b+c1)QVC(b
−
c2
b+c2)ηΨBηVE〉W
)
+
κ3
2
∫
d2T
∮
dθ
(
〈ηΨAQVD(b
−
c b
+
c )QVC b
−
θ ΞBVE〉W
− 〈ΞAQVD(b
−
c b
+
c )QVC b
−
θ ηΨBVE〉W
+ 〈ηΨBVE(b
−
c b
+
c )QVC b
−
θ ΞAQVD〉W
+ 〈ΞBVE(b
−
c b
+
c )QVC b
−
θ ηΨAQVD〉W
)
, (3.56)
A
(AE|C|BD)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAηVE(ξc1b
−
c1b
+
c1)QVC(b
−
c2b
+
c2)QΞBQVD〉W
+ 〈QΞAηVE(ξc1b
−
c1
b+c1)QVC(b
−
c2
b+c2)ηΨBQVD〉W
)
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+
κ3
2
∫
d2T
∮
dθ
(
〈ηΨAVE(b
−
c b
+
c )QVC b
−
θ ΞBQVD〉W
+ 〈ΞAVE(b
−
c b
+
c )QVC b
−
θ ηΨBQVD〉W
+ 〈ηΨBQVD(b
−
c b
+
c )QVC b
−
θ ΞAVE〉W
− 〈ΞBQVD(b
−
c b
+
c )QVC b
−
θ ηΨAVE〉W
)
, (3.57)
A
(AB|D|CE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2 〈(ηΨAQΞB +QΞAηΨB)
× (ξc1b
−
c1
b+c1)QVD(b
−
c2
b+c2)QVCηVE〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞB +QΞAηΨB)(b
−
c b
+
c )QVD b
−
θ VCVE〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VD b
−
θ (QVCηVE + ηVCQVE)〉W
− 〈(QVCηVE + ηVCQVE)(ξcb
−
c b
+
c )
× VD b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
+ 2〈VCVE(b
−
c b
+
c )QVD b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.58)
A
(AC|D|BE)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAQVC(ξc1b
−
c1
b+c1)QVD(b
−
c2
b+c2)QΞBηVE〉W
+ 〈QΞAQVC(ξc1b
−
c1b
+
c1)QVD(b
−
c2b
+
c2)ηΨBηVE〉W
)
+
κ3
2
∫
d2T
∮
dθ
(
〈ηΨAQVC(b
−
c b
+
c )QVD b
−
θ ΞBVE〉W
− 〈ΞAQVC(b
−
c b
+
c )QVD b
−
θ ηΨBVE〉W
+ 〈ηΨBVE(b
−
c b
+
c )QVD b
−
θ ΞAQVC〉W
+ 〈ΞBVE(b
−
c b
+
c )QVD b
−
θ ηΨAQVC〉W
)
, (3.59)
A
(AE|D|BC)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAηVE(ξc1b
−
c1b
+
c1)QVD(b
−
c2b
+
c2)QΞBQVC〉W
+ 〈QΞAηVE(ξc1b
−
c1
b+c1)QVD(b
−
c2
b+c2)ηΨBQVC〉W
)
+
κ3
2
∫
d2T
∮
dθ
(
〈ηΨAVE(b
−
c b
+
c )QVD b
−
θ ΞBQVC〉W
+ 〈ΞAVE(b
−
c b
+
c )QVD b
−
θ ηΨBQVC〉W
+ 〈ηΨBQVC(b
−
c b
+
c )QVD b
−
θ ΞAVE〉W
− 〈ΞBQVC(b
−
c b
+
c )QVD b
−
θ ηΨAVE〉W
)
, (3.60)
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A
(AB|E|CD)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2 〈(ηΨAQΞB +QΞAηΨB)
× (ξc1b
−
c1
b+c1)ηVE(b
−
c2
b+c2)QVCQVD〉W
+
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞB +QΞAηΨB)(b
−
c b
+
c )
× VE b
−
θ (QVCVD + VCQVD)〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VE b
−
θ (QVCηVD + ηVCQVD)〉W
− 〈(QVCηVD + ηVCQVD)(ξcb
−
c b
+
c )
× VE b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
+ 2〈(QVCVD + VCQVD)(b
−
c b
+
c )
× VE b
−
θ (ηΨAQΞB +QΞAηΨB)〉W
)
, (3.61)
A
(AC|E|BD)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨAQVC(ξc1b
−
c1b
+
c1)ηVE(b
−
c2b
+
c2)QΞBQVD〉W
+ 〈QΞAQVC(ξc1b
−
c1
b+c1)ηVE(b
−
c2
b+c2)ηΨBQVD〉W
)
+
κ3
2
∫
d2T
∮
dθ
(
〈ηΨAQVC(b
−
c b
+
c )VE b
−
θ ΞBQVD〉W
+ 〈ΞAQVC(b
−
c b
+
c )VE b
−
θ ηΨBQVD〉W
+ 〈ηΨBQVD (b
−
c b
+
c )VE b
−
θ ΞAQVC〉W
+ 〈ΞBQVD(b
−
c b
+
c )VE b
−
θ ηΨAQVC〉W
)
, (3.62)
A
(BC|E|AD)
F 2B3 = −
κ3
2
∫
d2T1
∫
d2T2
(
〈ηΨBQVC(ξc1b
−
c1b
+
c1)ηVE(b
−
c2b
+
c2)QΞAQVD〉W
+ 〈QΞBQVC(ξc1b
−
c1
b+c1)ηVE(b
−
c2
b+c2)ηΨAQVD〉W
)
+
κ3
2
∫
d2T
∮
dθ
(
〈ηΨBQVC(b
−
c b
+
c )VE b
−
θ ΞAQVD〉W
+ 〈ΞBQVC(b
−
c b
+
c )VE b
−
θ ηΨAQVD〉W
+ 〈ηΨAQVD (b
−
c b
+
c )VE b
−
θ ΞBQVC〉W
+ 〈ΞAQVD(b
−
c b
+
c )VE b
−
θ ηΨBQVC〉W
)
. (3.63)
The contributions from the 1P diagrams are also calculated in the same manner, for example:
A
(AB|CDE)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ 〈(ηΨAQΞB +QΞAηΨB)
× (ξcb
−
c b
+
c )(bC1bC2)QVCQVDηVE〉W
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−
κ3
8
∫
d2T
∮
dθ
(
2〈(ηΨAQΞB +QΞAηΨB)(b
−
c b
+
c )QVC b
−
θ VDVE〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VC b
−
θ (QVDηVE + ηVDQVE)〉W
+ 2〈(ηΨAQΞB +QΞAηΨB)(b
−
c b
+
c )QVD b
−
θ VCVE〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VD b
−
θ (QVCηVE + ηVCQVE)
)
〉W
+ 2〈(ηΨAQΞB +QΞAηΨB)(b
−
c b
+
c )
× VE b
−
θ (QVCVD + VCQVD))〉W
− 〈(ηΨAQΞB +QΞAηΨB)(ξcb
−
c b
+
c )
× VE b
−
θ (QVCηVD + ηVCQVD)〉W
)
+
κ3
6
∫
d2θ
∮
dθ 〈(bC1bC2)(QVCVD + VCQVD)
× VE b
−
θ (ηΨAQΞB +QΞAηΨB)〉W ,
+
κ3
12
∮
dθ
∮
dθ′ 〈(ηΨAQΞB +QΞAηΨB)
× b−θ
(
VC b
−
θ′VD + VD b
−
θ′VC
)
VE〉W . (3.64)
The external bosons in the dominant contribution, the first term, are again aligned as
(QVC , QVD, ηVE). The contributions from the other nine 1P diagrams are also calculated as
A
(AC|BDE)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ
(
〈ηΨAQVC(ξcb
−
c b
+
c )(bC1bC2)QΞBQVDηVE〉W
+ 〈QΞAQVC(ξcb
−
c b
+
c )(bC1bC2)ηΨBQVDηVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨAQVC(b
−
c b
+
c )QΞB +QΞAQVC(b
−
c b
+
c )ηΨB) b
−
θ VDVE〉W
+ 〈ΞAQVC(ξcb
−
c b
+
c )ηΨB b
−
θ (QVDηVE + ηVDQVE)〉W
+ 2〈ηΨAQVC(b
−
c b
+
c )QVD b
−
θ ΞBVE〉W
− 2〈ΞAQVC(b
−
c b
+
c )QVD b
−
θ ηΨBVE〉W
+ 2〈ηΨAQVC(b
−
c b
+
c )VE b
−
θ ΞBQVD〉W
+ 2〈ΞAQVC(b
−
c b
+
c )VE b
−
θ ηΨBQVD〉W
)
+
κ3
2
∫
d2θ
∮
dθ
(
〈(bC1bC2)ηΨBQVDVE b
−
θ ΞAQVC〉W
+ 〈(bC1bC2)ΞBQVDVE b
−
θ ηΨAQVC〉W
)
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+
κ3
4
∮
dθ
∮
dθ′ 〈
(
ηΨAQVC b
−
θ ΞB −ΞAQVC b
−
θ ηΨB
)
b−θ′VDVE〉W , (3
.65)
A
(AD|BCE)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ
(
〈ηΨAQVD(ξcb
−
c b
+
c )(bC1bC2)QΞBQVCηVE〉W
+ 〈QΞAQVD(ξcb
−
c b
+
c )(bC1bC2)ηΨBQVCηVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨAQVD(b
−
c b
+
c )QΞB + QΞAQVD(b
−
c b
+
c )ηΨB) b
−
θ VCVE〉W
+ 〈ΞAQVD(ξcb
−
c b
+
c )ηΨB b
−
θ (QVCηVE + ηVCQVE)〉W
+ 2〈ηΨAQVD(b
−
c b
+
c )QVC b
−
θ ΞBVE〉W
− 2〈ΞAQVD(b
−
c b
+
c )QVC b
−
θ ηΨBVE〉W
+ 2〈ηΨAQVD(b
−
c b
+
c )VE b
−
θ ΞBQVC〉W
+ 2〈ΞAQVD(b
−
c b
+
c )VE b
−
θ ηΨBQVC〉W
)
+
κ3
2
∫
d2θ
∮
dθ
(
〈(bC1bC2)ηΨBQVCVE b
−
θ ΞAQVD〉W
+ 〈(bC1bC2)ΞBQVCVE b
−
θ ηΨAQVD〉W
)
+
κ3
4
∮
dθ
∮
dθ′ 〈
(
ηΨAQVD b
−
θ ΞB − ΞAQVD b
−
θ ηΨB
)
b−θ′VCVE〉W , (3.66)
A
(AE|BCD)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ
(
〈ηΨAηVE(ξcb
−
c b
+
c )(bC1bC2)QΞBQVCQVD〉
+ 〈QΞAηVE(ξcb
−
c b
+
c )(bC1bC2)ηΨBQVCQVD〉W
)
−
κ3
4
∫
d2T
∮
dθ
((
〈ηΨAVE(b
−
c b
+
c )QΞB +QΞAVE(b
−
c b
+
c )ηΨB
)
× b−θ (QVCVD + VCQVD)〉W
+ 〈ΞAQVE(ξcb
−
c b
+
c )ηΨB b
−
θ (QVCηVD + ηVCQVD)〉W
+ 2〈ηΨAVE(b
−
c b
+
c )QVC b
−
θ ΞBQVD〉W
+ 2〈ΞAVE(b
−
c b
+
c )QVC b
−
θ ηΨBQVD〉W
+ 2〈ηΨAVE(b
−
c b
+
c )QVD b
−
θ ΞBQVC〉W
+ 2〈ΞAVE(b
−
c b
+
c )QVD b
−
θ ηΨBQVC〉W
)
+
κ3
2
∫
d2θ
∮
dθ
(
〈(bC1bC2)ηΨBQVCQVD b
−
θ ΞAVE〉W
− 〈(bC1bC2)ΞBQVCQVD b
−
θ ηΨAVE〉W
)
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+
κ3
4
∮
dθ
∮
dθ′ 〈
(
ηΨAVE b
−
θ ΞB + ΞAVE b
−
θ ηΨB
)
× b−θ′(QVCVD + VCQVD)〉W , (3.67)
A
(BC|ADE)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ
(
〈ηΨBQVC(ξcb
−
c b
+
c )(bC1bC2)QΞAQVDηVE〉W
+ 〈QΞBQVC(ξcb
−
c b
+
c )(bC1bC2)ηΨAQVDηVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨBQVC(b
−
c b
+
c )QΞA +QΞBQVC(b
−
c b
+
c )ηΨA
)
b−θ VDVE〉W
+ 〈ΞBQVC(ξcb
−
c b
+
c )ηΨA b
−
θ (QVDηVE + ηVDQVE)〉W
+ 2〈ηΨBQVC(b
−
c b
+
c )QVD b
−
θ ΞAVE〉W
− 2〈ΞBQVC(b
−
c b
+
c )QVD b
−
θ ηΨAVE〉W
+ 2〈ηΨBQVC(b
−
c b
+
c )VE b
−
θ ΞAQVD〉W
+ 2〈ΞBQVC(b
−
c b
+
c )VE b
−
θ ηΨAQVD〉W
)
+
κ3
2
∫
d2θ
∮
dθ
(
〈(bC1bC2)ηΨAQVDVE b
−
θ ΞBQVC〉W
+ 〈(bC1bC2)ΞAQVDVE b
−
θ ηΨBQVC〉W
)
+
κ3
4
∮
dθ
∮
dθ′ 〈
(
ηΨBQVC b
−
θ ΞA −ΞBQVC b
−
θ ηΨA
)
b−θ′VDVE〉W , (3
.68)
A
(BD|ACE)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ
(
〈ηΨBQVD(ξcb
−
c b
+
c )(bC1bC2)QΞAQVCηVE〉W
+ 〈QΞBQVD(ξcb
−
c b
+
c )(bC1bC2)ηΨAQVCηVE〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨBQVD(b
−
c b
+
c )QΞA +QΞBQVD(b
−
c b
+
c )ηΨA
)
b−θ VCVE〉W
+ 〈ΞBQVD(ξcb
−
c b
+
c )ηΨA b
−
θ (QVCηVE + ηVCQVE)〉W
+ 2〈ηΨBQVD(b
−
c b
+
c )QVC b
−
θ ΞAVE〉W
− 2〈ΞBQVD(b
−
c b
+
c )QVC b
−
θ ηΨAVE〉W
+ 2〈ηΨBQVD(b
−
c b
+
c )VE b
−
θ ΞAQVC〉W
+ 2〈ΞBQVD(b
−
c b
+
c )VE b
−
θ ηΨAQVC〉W
)
+
κ3
2
∫
d2θ
∮
dθ
(
〈(bC1bC2)ηΨAQVCVE b
−
θ ΞBQVD〉W
+ 〈(bC1bC2)ΞAQVCVE b
−
θ ηΨBQVD〉W
)
+
κ3
4
∮
dθ
∮
dθ′ 〈
(
ηΨBQVD b
−
θ ΞA − ΞBQVD b
−
θ ηΨA
)
b−θ′VCVE〉W , (3
.69)
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A
(BE|ACD)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ
(
〈ηΨBηVE(ξcb
−
c b
+
c )(bC1bC2)QΞAQVCQVD〉
+ 〈QΞBηVE(ξcb
−
c b
+
c )(bC1bC2)ηΨAQVCQVD〉W
)
−
κ3
4
∫
d2T
∮
dθ
(
〈
(
ηΨBVE(b
−
c b
+
c )QΞA +QΞBVE(b
−
c b
+
c )ηΨA
)
× b−θ (QVCVD + VCQVD)〉W
+ 〈ΞBQVE(ξcb
−
c b
+
c )ηΨA b
−
θ (QVCηVD + ηVCQVD)〉W
+ 2〈ηΨBVE(b
−
c b
+
c )QVC b
−
θ ΞAQVD〉W
+ 2〈ΞBVE(b
−
c b
+
c )QVC b
−
θ ηΨAQVD〉W
+ 2〈ηΨBVE(b
−
c b
+
c )QVD b
−
θ ΞAQVC〉W
+ 2〈ΞBVE(b
−
c b
+
c )QVD b
−
θ ηΨAQVC〉W
)
+
κ3
2
∫
d2θ
∮
dθ
(
〈(bC1bC2)ηΨAQVCQVD b
−
θ ΞBVE〉W
− 〈(bC1bC2)ΞAQVCQVD b
−
θ ηΨBVE〉W
)
+
κ3
4
∮
dθ
∮
dθ′ 〈
(
ηΨBVE b
−
θ ΞA + ΞBVE b
−
θ ηΨA
)
× b−θ′(QVCVD + VCQVD)〉W , (3
.70)
A
(CD|ABE)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ 〈QVCQVD(ξcb
−
c b
+
c )(bC1bC2)(ηΨAQΞB +QΞAηΨB)ηVE〉W
−
κ3
8
∫
d2T
∮
dθ
(
〈(QVCηVD + ηVCQVD)(ξcb
−
c b
+
c )
×
(
2
(
ηΨA b
−
θ ΞB − ΞA b
−
θ ηΨB + ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA
)
QVE
− VE b
−
θ (ηΨAQΞB +QΞAηΨB)
)
〉W
− 2〈(QVCVD + VCQVD)(b
−
c b
+
c )
×
((
ηΨA b
−
θ QΞB +QΞA b
−
θ ηΨB + ηΨB b
−
θ QΞA +QΞB b
−
θ ηΨA
)
VE
− VE b
−
θ (ηΨAQΞB +QΞAηΨB)
)
〉W
)
+
κ3
4
∫
d2θ
∮
dθ 〈(bC1bC2)(ηΨAQΞB +QΞAηΨB)VE
× b−θ (QVCVD + VCQVD)〉W , (3.71)
A
(CE|ABD)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ 〈QVCηVE(ξcb
−
c b
+
c )(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVD〉W
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−
κ3
8
∫
d2T
∮
dθ 〈(QVCηVE + ηVCQVE)(ξcb
−
c b
+
c )
×
(
2
(
ηΨA b
−
θ ΞB − ΞA b
−
θ ηΨB + ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA
)
QVD
− VD b
−
θ (ηΨAQΞB +QΞAηΨB)
)
〉W
+ 2〈VCVE(b
−
c b
+
c )
×
((
ηΨA b
−
θ QΞB +QΞA b
−
θ ηΨB + ηΨBb
−
θ QΞA +QΞBb
−
θ ηΨA
)
QVD
+QVDb
−
θ (ηΨAQΞB +QΞAηΨB)
)
〉W
)
+
κ3
4
∫
d2θ
∮
dθ 〈(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVD b
−
θ VCVE〉W , (3.72)
A
(DE|ABC)
F 2B3 = −
κ3
2
∫
d2T
∫
d2θ 〈QVDηVE(ξcb
−
c b
+
c )
× (bC1bC2)(ηΨAQΞB +QΞAηΨB)QVC〉W
−
κ3
8
∫
d2T
∮
dθ
(
〈(QVDηVE + ηVDQVE)(ξcb
−
c b
+
c )
×
(
2
(
ηΨA b
−
θ ΞB − ΞA b
−
θ ηΨB + ηΨB b
−
θ ΞA − ΞB b
−
θ ηΨA
)
QVC
− VC b
−
θ (ηΨAQΞB +QΞAηΨB)
)
〉W
+ 2〈VDVE(b
−
c b
+
c )
×
((
ηΨA b
−
θ QΞB +QΞA b
−
θ ηΨB + ηΨBb
−
θ QΞA +QΞBb
−
θ ηΨA
)
QVC
+QVCb
−
θ (ηΨAQΞB +QΞAηΨB)
)
〉W
)
+
κ3
4
∫
d2θ
∮
dθ 〈(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVC b
−
θ VDVE〉W . (3.73)
The last contribution from the NP diagram can be divided into three parts: those integrated
by four, three, and two moduli parameters, respectively. After a little calculation to align
the bosons in the first part, the dominant contribution, we obtain:
A
(ABCDE)
F 2B3 = −
κ3
2
∫
d4θ 〈ξ(bC1bC2bC3bC4)(ηΨAQΞB +QΞAηΨB)QVCQVDηVE〉W
−
κ3
12
∫
d2θ
∮
dθ
(
6〈(bC1bC2)ηΨAQVCQVD b
−
θ ΞBVE〉W
− 6〈(bC1bC2)ΞAQVCQVD b
−
θ ηΨBVE〉W
+ 6〈(bC1bC2)ηΨBQVCQVD b
−
θ ΞAVE〉W
− 6〈(bC1bC2)ΞBQVCQVD b
−
θ ηΨAVE〉W
+ 6〈(bC1bC2)ηΨAQVCVE b
−
θ ΞBQVD〉W
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+ 6〈(bC1bC2)ΞAQVCVE b
−
θ ηΨBQVD〉W
+ 6〈(bC1bC2)ηΨAQVDVE b
−
θ ΞBQVC〉W
+ 6〈(bC1bC2)ΞAQVDVE b
−
θ ηΨBQVC〉W
+ 6〈(bC1bC2)ηΨBQVCVE b
−
θ ΞAQVD〉W
+ 6〈(bC1bC2)ΞBQVCVE b
−
θ ηΨAQVD〉W
+ 6〈(bC1bC2)ηΨBQVDVE b
−
θ ΞAQVC〉W
+ 6〈(bC1bC2)ΞBQVDVE b
−
θ ηΨAQVC〉W
+ 3〈(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVD b
−
θ VCVE〉W
+ 3〈(bC1bC2)(ηΨAQΞB +QΞAηΨB)QVC b
−
θ VDVE〉W
+ 3〈(bC1bC2)(ηΨAQΞB +QΞAηΨB)VE
× b−θ (QVCVD + VCQVD)〉W
+ 2〈(bC1bC2)(QVCVD + VCQVD)VE
× b−θ (ηΨAQΞB + QΞAηΨB)〉W
)
−
κ3
12
∮
dθ
∮
dθ′
(
〈(ηΨAQΞB +QΞAηΨB) b
−
θ
(
VC b
−
θ′VD + VD b
−
θ′VC
)
VE〉W
+ 3〈
(
ηΨAQVC b
−
θ ΞB −ΞAQVC b
−
θ ηΨB
+ ηΨBQVC b
−
θ ΞA −ΞBQVC b
−
θ ηΨA
)
b−θ′VDVE〉W
+ 3〈
(
ηΨAQVD b
−
θ ΞB −ΞAQVD b
−
θ ηΨB
+ ηΨBQVD b
−
θ ΞA −ΞBQVD b
−
θ ηΨA
)
b−θ′VCVE〉W
+ 3〈
(
ηΨAVE b
−
θ ΞB + ΞAVE b
−
θ ηΨB
+ ηΨBVE b
−
θ ΞA + ΞBVE b
−
θ ηΨA
)
× b−θ′(QVCVD + VCQVD)〉W
)
. (3.74)
The total amplitude is given by summing all these contributions. One can show that the
boundary contributions integrated over less (two or three) moduli parameters are canceled,
and consequently the total amplitude becomes the sum of the dominant contribution of each
diagram:
AF 2B3 = κ
3
∫
d2T1d
2T2
(
〈〈ηΨBQVC(b
−
c1b
+
c1)ηΨA(b
−
c2b
+
c2)QVDηVE〉〉+ 14 terms
)
+ κ3
∫
d2Td2θ
(
〈〈ηΨAηΨB(b
−
c b
+
c )(bC1bC2)QVCQVDηVE〉〉+ 9 terms
)
+ κ3
∫
d4θ 〈〈(bC1bC2bC3bC4)ηΨAηΨBQVCQVDηVE〉〉. (3.75)
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Each contribution again has the same form as that in the bosonic closed string field theory
after imposing the constraint if we identify the external bosonic strings and ηΨ , QV or ηV .
Hence the two-fermion-three-boson amplitude is also reproduced by the new Feynman rules.
§4. Conclusion and discussion
In this paper we have reconsidered the symmetries of the pseudo-action of the heterotic
string field theory. It has been found, at some lower order in the fermion expansion, that
the missing gauge symmetries, which were considered to be present only in the equations of
motion, are realized as the symmetries provided we impose the constraint after the trans-
formation. Respecting also this type of gauge symmetry, we have proposed a prescription
for the new Feynman rules and shown that they actually reproduce the correct tree-level
amplitudes in the case of the four- and five-external strings including fermions.
An important remaining task is to prove that the new Feynman rules actually reproduce
an arbitrary on-shell amplitude at the tree level. For this purpose, it is necessary to complete
the pseudo-action, which has only been obtained at some lower order in the number of
fermions or string products.9) The new kind of symmetries must play an important role
in this construction and proof. The Feynman rules should also be extended to be able to
calculate general loop amplitudes, for which we need to introduce an infinite sequence of
ghosts for ghosts and construct the quantum action satisfying the Batalin-Vilkovisky master
equation.14), 20) It is still unclear what role the pseudo-action can play. It is important to
clarify whether the apparent difficulty coming from the duplicated off-shell fermions actually
causes an inconsistency. It is also worthwhile studying the off-shell amplitudes obtained by
the new Feynman rules and comparing the results with those obtained by the rules proposed
recently.19)
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Appendix
The gauge symmetries provided by the constraint given in §§2.3 have only been shown
to exist at some lower order in the fermion expansion. Up to the order discussed in the
text, however, the transformation of the pseudo-action is proportional to the constraint
in the lowest order of the fermion expansion: QGΞ = ηΨ . It is therefore worthwhile to
show that the transformation including the next-order corrections properly transforms the
pseudo-action to the form proportional to the constraint correctly including the next-order
corrections. Including the next-order pseudo-action,9)
SR[6] =−
κ4
6!
〈ηΨ, [Ψ,QGΨ, (QGΞ)
3]G +
2
6!
κ4〈ηΨ, [Ψ, [Ψ, (QGΞ)
3]G]G〉
−
2
6!
κ4〈ηΨ, [Ψ,QGΞ, [Ψ, (QGΞ)
2]G]G〉 −
3
6!
κ4〈ηΨ, [Ψ, (QGΞ)
2, [Ψ,QGΞ ]G]G〉, (A.1)
we can find that the next-order Λ1-transformation has to be
δ
[4]
Λ1
Ψ = −
κ5
5!
[Ψ, (QGΨ )
2, (QGΞ)
2, ηΛ1]G +
3
5!
κ5[Ψ, [Ψ,QGΨ, (QGΞ)
2, ηΛ1]G]G
+
8κ5
6!
[Ψ,QGΨ, [Ψ, (QGΞ)
2, ηΛ1]G]G +
4κ5
6!
[Ψ,QGΞ, [Ψ,QGΨ,QGΞ, ηΛ1]G]G
+
4κ5
5!
[Ψ,QGΨ,QGΞ, [Ψ,QGΞ, ηΛ1]G]G −
κ5
5!
[Ψ, (QGΞ)
2, [Ψ,QGΨ, ηΛ1]G]G
−
κ5
5!
[[Ψ,QGΨ ]G, Ψ, (QGΞ)
2, ηΛ1]G −
6κ5
5!
[[Ψ,QGΞ ]G, Ψ, QGΨ,QGΞ, ηΛ1]G
−
16κ5
6!
[[Ψ,QGΨ,QGΞ ]G, Ψ, QGΞ, ηΛ1]G −
2κ5
5!
[[Ψ, (QGΞ)
2]G, Ψ, QGΨ, ηΛ1]G
−
2κ5
5!
[[Ψ,QGΨ, (QGΞ)
2]G, Ψ, ηΛ1]G −
10κ5
6!
κ5[Ψ, [Ψ, [Ψ, (QGΞ)
2, ηΛ1]G]G]G
−
κ5
4!
[Ψ, [Ψ,QGΞ, [Ψ,QGΞ, ηΛ1]G]G]G +
10κ5
6!
[Ψ,QGΞ, [Ψ, [Ψ,QGΞ, ηΛ1]G]G]G
+
κ5
4!
[Ψ, [Ψ,QGΞ ]G, [Ψ,QGΞ, ηΛ1]G]G +
2κ5
4!
[Ψ, [[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ1]G]G
+
20κ5
6!
[Ψ, [[Ψ, (QGΞ)
2]G, Ψ, ηΛ1]G]G +
10κ5
6!
[Ψ,QGΞ, [[Ψ,QGΞ ]G, Ψ, ηΛ1]G]G
−
20κ5
6!
κ5[[Ψ, [Ψ,QGΞ ]G]G, Ψ, QGΞ, ηΛ1]G −
10κ5
6!
[[Ψ, [Ψ, (QGΞ)
2]G]G, Ψ, ηΛ1]G
−
κ5
4!
[[Ψ,QGΞ, [Ψ,QGΞ ]G]G, Ψ, ηΛ1]G −
κ5
4!
[[Ψ,QGΞ ]G, [Ψ,QGΞ ]G, Ψ, ηΛ1]G, (A.2)
δ
[4]
Λ1
Ξ = −
κ5
5!
[Ψ,QGΨ, (QGΞ)
3, ηΛ1]G +
κ5
5!
[Ψ, [Ψ, (QGΞ)
3, ηΛ1]G]G
+
4
5!
κ5[Ψ,QGΞ, [Ψ, (QGΞ)
2, ηΛ1]G]G +
6
5!
κ5[Ψ, (QGΞ)
2, [Ψ,QGΞ, ηΛ1]G]G
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−
4
5!
κ5[[Ψ,QGΞ ]G, Ψ, (QGΞ)
2, ηΛ1]G −
16κ5
6!
[[Ψ, (QGΞ)
2]G, Ψ, QGΞ, ηΛ1]G
+
κ5
5!
[[Ψ, (QGΞ)
3]G, Ψ, ηΛ1]G +
κ5
4!
[Ξ, [Ψ,QGΨ, (QGΞ)
2, ηΛ1]G]G
−
κ5
4!
[Ξ, [Ψ, [Ψ, (QGΞ)
2, ηΛ1]G]G]G −
κ5
8
[Ξ, [Ψ,QGΞ, [Ψ,QGΞ, ηΛ1]G]G]G
+
κ5
8
[Ξ, [[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ1]G]G +
κ5
4!
[Ξ, [[Ψ, (QGΞ)
2]G, Ψ, ηΛ1]G]G, (A.3)
B
[6]
δΛ1
=
κ6
6!
[Ψ, (QGΨ )
2, (QGΞ)
3, ηΛ1]G −
2κ6
6!
[Ψ, [Ψ,QGΨ, (QGΞ)
3, ηΛ1]G]G
−
κ6
6!
[Ψ,QGΨ, [Ψ, (QGΞ)
3, ηΛ1]G]G −
9κ6
6!
[Ψ,QGΞ, [Ψ,QGΨ, (QGΞ)
2, ηΛ1]G]G
−
4κ6
6!
[Ψ,QGΨ,QGΞ, [Ψ, (QGΞ)
2, ηΛ1]G]G −
κ6
6!
[Ψ, (QGΞ)
2, [Ψ,QGΨ,QGΞ, ηΛ1]G]G
−
κ6
5!
[Ψ,QGΨ, (QGΞ)
2, [Ψ,QGΞ, ηΛ1]G]G +
κ6
6!
[Ψ, (QGΞ)
3, [Ψ,QGΨ, ηΛ1]G]G
+
κ6
6!
[[Ψ,QGΨ ]G, Ψ, (QGΞ)
3, ηΛ1]G +
9κ6
6!
[[Ψ,QGΞ ]G, Ψ, QGΨ, (QGΞ)
2, ηΛ1]G
+
4κ6
6!
[[Ψ,QGΨ,QGΞ ]G, Ψ, (QGΞ)
2, ηΛ1]G +
κ6
5!
[[Ψ, (QGΞ)
2]G, Ψ, QGΨ,QGΞ, ηΛ1]G
+
κ6
5!
[[Ψ,QGΨ, (QGΞ)
2]G, Ψ, QGΞ, ηΛ1]G −
κ6
6!
[[Ψ, (QGΞ)
3]G, Ψ, QGΨ, ηΛ1]G
+
κ6
6!
[[Ψ,QGΨ, (QGΞ)
3]G, Ψ, ηΛ1]G +
κ6
6!
[Ψ, [Ψ, [Ψ, (QGΞ)
3, ηΛ1]G]G]G
+
4κ6
6!
[Ψ, [Ψ,QGΞ, [Ψ, (QGΞ)
2, ηΛ1]G]G]G +
κ6
5!
[Ψ, [Ψ, (QGΞ)
2, [Ψ,QGΞ, ηΛ1]G]G]G
+
5κ6
6!
[Ψ,QGΞ, [Ψ, [Ψ, (QGΞ)
2, ηΛ1]G]G]G +
15κ6
6!
[Ψ,QGΞ, [Ψ,QGΞ, [Ψ,QGΞ, ηΛ1]G]G]G
−
5κ6
2 · 6!
[Ψ, (QGΞ)
2, [Ψ, [Ψ,QGΞ, ηΛ1]G]G]G −
9κ6
6!
[Ψ, [[Ψ,QGΞ ]G, Ψ, (QGΞ)
2, ηΛ1]G]G
−
κ6
5!
[Ψ, [[Ψ, (QGΞ)
2]G, Ψ, QGΞ, ηΛ1]G]G +
κ6
6!
[Ψ, [[Ψ, (QGΞ)
3]G, Ψ, ηΛ1]G]G
−
κ6
4!
[Ψ,QGΞ, [[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ1]G]G −
10κ6
6!
[Ψ,QGΞ, [[Ψ, (QGΞ)
2]G, Ψ, ηΛ1]G]G
−
5κ6
2 · 6!
[Ψ, (QGΞ)
2, [[Ψ,QGΞ ]G, Ψ, ηΛ1]G]G −
5κ6
6!
[Ψ, [Ψ,QGΞ ]G, [Ψ, (QGΞ)
2, ηΛ1]G]G
−
5κ6
6!
[Ψ, [Ψ, (QGΞ)
2]G, [Ψ,QGΞ, ηΛ1]G]G −
15κ6
6!
[Ψ,QGΞ, [Ψ,QGΞ ]G, [Ψ,QGΞ, ηΛ1]G]G
+
15κ6
6!
[[Ψ,QGΞ ]G, [Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ1]G +
10κ6
6!
[[Ψ,QGΞ ]G, [Ψ, (QGΞ)
2]G, Ψ, ηΛ1]G
+
5κ6
6!
[[Ψ, [Ψ,QGΞ ]G]G, Ψ, (QGΞ)
2, ηΛ1]G +
5κ6
6!
[[Ψ, [Ψ, (QGΞ)
2]G]G, Ψ, QGΞ, ηΛ1]G
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−
2κ6
6!
[[Ψ, [Ψ, (QGΞ)
3]G]G, Ψ, ηΛ1]G +
15κ6
6!
[[Ψ,QGΞ, [Ψ,QGΞ ]G]G, Ψ, QGΞ, ηΛ1]G
+
2κ6
6!
[[Ψ,QGΞ, [Ψ, (QGΞ)
2]G]G, Ψ, ηΛ1]G
+
3κ6
6!
[[Ψ, (QGΞ)
2, [Ψ,QGΞ ]G]G, Ψ, ηΛ1]G. (A.4)
Then the transformation of the pseudo-action at this order is given by
δ
[6]
Λ1
SNS + δ
[4]
Λ1
SR[2] + δ
[2]
Λ1
SR[4] + δ
[0]SR[6]
=
κ3
4!
〈ηΛ1, [Ψ,QGΞ, [
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
, QGΞ ]G]G〉
−
κ3
4!
[Ψ,
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
, [(QGΞ)
2]G]G〉
+
κ3
4!
〈ηΛ1, [(QGΞ)
2, [Ψ,
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
]G]G〉
−
κ3
4!
〈ηΛ1, [
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
, QGΞ, [Ψ,QGΞ ]G]G〉
−
3κ5
6!
〈ηΛ1, [Ψ,QGΞ, [QGΨ, ηΨ, (QGΞ)
2]G]G〉+
3κ5
6!
〈ηΛ1, [Ψ, ηΨ, [QGΨ, (QGΞ)
3]G]G〉
−
3κ5
6!
〈ηΛ1, [(QGΞ)
2, [Ψ,QGΨ, ηΨ,QGΞ ]G]G〉+
3κ5
6!
〈ηΛ1, [ηΨ,QGΞ, [Ψ,QGΨ, (QGΞ)
2]G]G〉
−
κ5
6!
〈ηΛ1, [Ψ,QGΨ,QGΞ, [ηΨ, (QGΞ)
2]G]G〉+
κ5
6!
〈ηΛ1, [Ψ,QGΨ, ηΨ, [(QGΞ)
3]G]G〉
−
κ5
6!
〈ηΛ1, [Ψ, (QGΞ)
2, [QGΨ, ηΨ,QGΞ ]G]G〉+
κ5
6!
〈ηΛ1, [Ψ, ηΨ,QGΞ, [QGΨ, (QGΞ)
2]G]G〉
−
κ5
6!
〈ηΛ1, [QGΨ, (QGΞ)
2, [Ψ, ηΨ,QGΞ ]G]G〉+
κ5
6!
〈ηΛ1, [QGΨ, ηΨ,QGΞ, [Ψ, (QGΞ)
2]G]G〉
−
κ5
6!
〈ηΛ1, [(QGΞ)
3, [Ψ,QGΨ, ηΨ ]G]G〉+
κ5
6!
〈ηΛ1, [ηΨ, (QGΞ)
2, [Ψ,QGΨ,QGΞ ]G]G〉
−
3κ5
6!
〈ηΛ1, [Ψ,QGΨ, (QGΞ)
2, [ηΨ,QGΞ ]G]G〉+
3κ5
6!
〈ηΛ1, [Ψ,QGΨ, ηΨ,QGΞ, [(QGΞ)
2]G]G〉
−
3κ5
6!
〈ηΛ1, [QGΨ, (QGΞ)
3, [Ψ, ηΨ ]G]G〉+
3κ5
6!
〈ηΛ1, [QGΨ, ηΨ, (QGΞ)
2, [Ψ,QGΞ ]G]G〉
−
3κ5
6!
〈ηΛ1, [(QGΞ)
2, [Ψ, [Ψ, ηΨ,QGΞ ]G]G]G〉+
3κ5
6!
〈ηΛ1, [ηΨ,QGΞ, [Ψ, [Ψ, (QGΞ)
2]G]G]G〉
−
3κ5
6!
〈ηΛ1, [Ψ,QGΞ, [QGΞ, [Ψ, ηΨ,QGΞ ]G]G]G〉 −
5κ5
6!
〈ηΛ1, [Ψ,QGΞ, [ηΨ, [Ψ, (QGΞ)
2]G]G]G〉
+
8κ5
6!
〈ηΛ1, [Ψ, ηΨ, [QGΞ, [Ψ, (QGΞ)
2]G]G]G〉
+
2κ5
6!
〈ηΛ1, [Ψ,QGΞ, [Ψ, [ηΨ, (QGΞ)
2]G]G]G〉 −
2κ5
6!
〈ηΛ1, [Ψ, ηΨ, [Ψ, [(QGΞ)
3]G]G]G〉
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−
κ5
5!
〈ηΛ1, [(QGΞ)
2, [Ψ,QGΞ, [Ψ, ηΨ ]G]G]G〉 −
3κ5
6!
〈ηΛ1, [(QGΞ)
2, [Ψ, ηΨ, [Ψ,QGΞ ]G]G]G〉
+
9κ5
6!
〈ηΛ1, [ηΨ,QGΞ, [Ψ,QGΞ, [Ψ,QGΞ ]G]G]G〉
−
κ5
5!
〈ηΛ1, [Ψ,QGΞ, [(QGΞ)
2, [Ψ, ηΨ ]G]G]G〉 −
3κ5
6!
〈ηΛ1, [Ψ,QGΞ, [ηΨ,QGΞ, [Ψ,QGΞ ]G]G]G〉
+
9κ5
6!
〈ηΛ1, [Ψ, ηΨ, [(QGΞ)
2, [Ψ,QGΞ ]G]G]G
−
κ5
5!
〈ηΛ1, [Ψ,QGΞ, [Ψ,QGΞ, [ηΨ,QGΞ ]G]G]G〉+
2
5!
κ5〈ηΛ1, [Ψ,QGΞ, [Ψ, ηΨ, [(QGΞ)
2]G]G]G〉
−
κ5
5!
〈ηΛ1, [Ψ, ηΨ, [Ψ,QGΞ, [(QGΞ)
2]G]G]G〉
−
2κ5
6!
〈ηΛ1, [(QGΞ)
3, [Ψ, [Ψ, ηΨ ]G]G]G〉+
2κ5
6!
〈ηΛ1, [ηΨ, (QGΞ)
2, [Ψ, [Ψ,QGΞ ]G]G]G〉
−
2κ5
6!
〈ηΛ1, [Ψ, (QGΞ)
2, [QGΞ, [Ψ, ηΨ ]G]G]G〉+
2κ5
6!
〈ηΛ1, [Ψ, ηΨ,QGΞ, [QGΞ, [Ψ,QGΞ ]G]G]G〉
−
2κ5
6!
〈ηΛ1, [Ψ, (QGΞ)
2, [Ψ, [ηΨ,QGΞ ]G]G]G〉+
2κ5
6!
〈ηΛ1, [Ψ, ηΨ,QGΞ, [Ψ, [(QGΞ)
2]G]G]G〉
+
3κ5
6!
〈ηΛ1, [QGΞ, [Ψ,QGΞ ]G, [Ψ, ηΨ,QGΞ ]G]G〉 −
8κ5
6!
〈ηΛ1, [QGΞ, [Ψ, ηΨ ]G, [Ψ, (QGΞ)
2]G]G〉
+
5κ
6!
〈ηΛ1, [ηΨ, [Ψ,QGΞ ]G, [Ψ, (QGΞ)
2]G]G〉
+
3κ5
6!
〈ηΛ1, [Ψ, [(QGΞ)
2]G, [Ψ, ηΨ,QGΞ ]G]G〉 −
3κ5
6!
〈ηΛ1, [Ψ, [ηΨ,QGΞ ]G, [Ψ, (QGΞ)
2]G]G〉
−
2κ5
6!
κ5〈ηΛ1, [Ψ, [Ψ,QGΞ ]G, [ηΨ, (QGΞ)
2]G]G〉+
2κ5
6!
〈ηΛ1, [Ψ, [Ψ, ηΨ ]G, [(QGΞ)
3]G]G〉
−
9κ5
6!
〈ηΛ1, [(QGΞ)
2, [Ψ, ηΨ ]G, [Ψ,QGΞ ]G]G〉+
9κ5
6!
〈ηΛ1, [ηΨ,QGΞ, [Ψ,QGΞ ]G, [Ψ,QGΞ ]G]G〉
−
9κ5
6!
〈ηΛ1, [Ψ,QGΞ, [Ψ,QGΞ ]G, [ηΨ,QGΞ ]G]G〉+
κ5
5!
〈ηΛ1, [Ψ,QGΞ, [Ψ, ηΨ ]G, [(QGΞ)
2]G]G〉
+
3κ5
6!
〈ηΛ1, [Ψ, ηΨ, [Ψ,QGΞ ]G, [(QGΞ)
2]G]G〉, (A.5)
where the first four terms give the O(Ψ 3) corrections to the constraint in the previous order
result (2.43).
The Λ1/2-transformation at the next order is similarly obtained as
δ
[4]
Λ1/2
Ψ =
κ4
5!
[Ψ,QGΨ, (QGΞ)
2, QGΛ 1
2
]G −
κ4
5!
[Ψ, [Ψ, (QGΞ)
2, QGΛ 1
2
]G]G
+
2κ4
5!
[Ψ,QGΞ, [Ψ,QGΞ,QGΛ 1
2
]G]G +
2κ4
5!
[Ψ, (QGΞ)
2, [Ψ,QGΛ 1
2
]G]G
+
2κ4
5!
[[Ψ,QGΞ ]G, Ψ, QGΞ,QGΛ 1
2
]G +
4κ4
6!
[[Ψ, (QGΞ)
2]G, Ψ, QGΛ 1
2
]G, (A.6)
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δ
[4]
Λ1/2
Ξ =
κ4
5!
[Ψ, (QGΞ)
3, QGΛ 1
2
]G −
κ4
4!
[Ξ, [Ψ, (QGΞ)
2, QGΛ 1
2
]G]G, (A.7)
B
[6]
δΛ1/2
= −
κ5
6!
[Ψ,QGΨ, (QGΞ)
3, QGΛ 1
2
]G +
κ5
6!
[Ψ, [Ψ, (QGΞ)
3, QGΛ 1
2
]G]G
+
3κ5
6!
[Ψ,QGΞ, [Ψ, (QGΞ)
2, QGΛ 1
2
]G]G −
3κ5
6!
[Ψ, (QGΞ)
2, [Ψ,QGΞ,QGΛ 1
2
]G]G
−
2κ5
6!
[Ψ, (QGΞ)
3, [Ψ,QGΛ 1
2
]G]G −
3κ5
6!
[[Ψ,QGΞ ]G, Ψ, (QGΞ)
2, QGΛ 1
2
]G
−
2κ5
6!
[[Ψ, (QGΞ)
2]G, Ψ, QGΞ,QGΛ 1
2
]G +
2κ5
6!
[[Ψ, (QGΞ)
3]G, Ψ, QGΛ 1
2
]G, (A.8)
which transform the pseudo-action to
δ
[6]
Λ1/2
SNS + δ
[4]
Λ1/2
SR[2] + δ
[2]
Λ1/2
SR[4] + δ
[0]
Λ1/2
SR[6]
=
κ2
12
〈QGΛ 1
2
, [QGΞ, [Ξ,
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
]G]G〉
−
κ2
12
〈QGΛ 1
2
, [
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
, [Ξ,QGΞ ]G]G〉
−
κ4
5!
〈QGΛ 1
2
, [QGΞ, [Ψ, ηΨ, (QGΞ)
2]G]G〉+
κ4
5!
〈QGΛ 1
2
, [ηΨ, [Ψ, (QGΞ)
3]G]G〉
+
2κ4
6!
〈QGΛ 1
2
, [Ψ,QGΞ, [ηΨ, (QGΞ)
2]G]G〉 −
2κ4
6!
〈QGΛ 1
2
, [Ψ, ηΨ, [(QGΞ)
3]G]G〉
−
2κ4
6!
〈QGΛ 1
2
, [(QGΞ)
2, [Ψ, ηΨ,QGΞ ]G]G〉+
2κ4
6!
〈QGΛ 1
2
, [ηΨ,QGΞ, [Ψ, (QGΞ)
2]G]G〉
+
κ4
5!
〈QGΛ 1
2
, [Ψ, (QGΞ)
2, [ηΨ,QGΞ ]G]G〉 −
κ4
5!
〈QGΛ 1
2
, [Ψ, ηΨ,QGΞ, [(QGΞ)
2]G]G〉. (A.9)
The first two terms give the correction to the constraint in (2.50).
The pseudo-action is invariant under the Λ3/2-transformation up to the order discussed
in the text. If we improve the transformation by adding the next-order transformation,
δ
[4]
Λ3/2
Ψ = −
2κ4
5!
[Ψ,QGΨ, (QGΞ)
2, ηΛ 3
2
]G +
3κ4
5!
[Ψ, [Ψ, (QGΞ)
2, ηΛ 3
2
]G]G
+
4κ4
6!
[Ψ,QGΞ, [Ψ,QGΞ, ηΛ 3
2
]G]G −
κ4
5!
[Ψ, (QGΞ)
2, [Ψ, ηΛ 3
2
]G]G
−
6κ4
5!
[[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ 3
2
]G −
2κ4
5!
[[Ψ, (QGΞ)
2]G, Ψ, ηΛ 3
2
]G (A.10)
δ
[4]
Λ3/2
Ξ = −
κ4
5!
[Ψ, (QGΞ)
3, ηΛ 3
2
]G +
κ4
4!
[Ξ, [Ψ, (QGΞ)
2, ηΛ 3
2
]G]G, (A.11)
B
[6]
δΛ
3/2
=
2κ5
6!
κ5[Ψ,QGΨ, (QGΞ)
3, ηΛ 3
2
]G −
2κ5
6!
[Ψ, [Ψ, (QGΞ)
3, ηΛ 3
2
]G]G
−
9κ5
6!
[Ψ,QGΞ, [Ψ, (QGΞ)
2, ηΛ 3
2
]G]G −
κ5
6!
[Ψ, (QGΞ)
2, [Ψ,QGΞ, ηΛ 3
2
]G]G
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+
κ5
6!
[Ψ, (QGΞ)
3, [Ψ, ηΛ 3
2
]G]G +
9κ5
6!
[[Ψ,QGΞ ]G, Ψ, (QGΞ)
2, ηΛ 3
2
]G
+
κ5
5!
[[Ψ, (QGΞ)
2]G, Ψ, QGΞ, ηΛ 3
2
]G −
κ5
6!
[[Ψ, (QGΞ)
3]G, Ψ, ηΛ 3
2
]G, (A.12)
it transforms the pseudo-action nontrivially as:
δ
[6]
Λ3/2
SNS + δ
[4]
Λ3/2
SR[2] + δ
[2]
Λ3/2
SR[4] + δ
[0]
Λ3/2
SR[6]
= −
κ4
6!
〈ηΛ 3
2
, [Ψ,QGΞ, [ηΨ, (QGΞ)
2]G]G〉+
κ4
6!
〈ηΛ 3
2
, [Ψ, ηΨ, [(QGΞ)
3]G]G〉
−
κ4
6!
〈ηΛ 3
2
, [(QGΞ)
2, [Ψ, ηΨ,QGΞ ]G]G〉+
κ4
6!
〈ηΛ 3
2
, [ηΨ,QGΞ, [Ψ, (QGΞ)
2]G]G〉
−
3κ4
6!
〈ηΛ 3
2
, [Ψ, (QGΞ)
2, [ηΨ,QGΞ ]G]G〉+
3κ4
6!
〈ηΛ 3
2
, [Ψ, ηΨ,QGΞ, [(QGΞ)
2]G]G〉
−
3κ4
6!
〈ηΛ 3
2
, [(QGΞ)
3, [Ψ, ηΨ ]G]G〉+
3κ4
6!
〈ηΛ 3
2
, [ηΨ, (QGΞ)
2, [Ψ,QGΞ ]G]G〉. (A.13)
The right-hand side vanishes under the constraint.
Last of all, the Λ˜1/2-transformation can be found as:
δ
[4]
Λ˜1/2
Ψ = −
2κ4
5!
[Ψ, (QGΨ )
2, QGΞ, ηΛ˜ 1
2
]G +
7κ4
5!
[Ψ, [Ψ,QGΨ,QGΞ, ηΛ˜ 1
2
]G]G
+
3κ4
5!
[Ψ,QGΨ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G +
28κ4
6!
[Ψ,QGΞ, [Ψ,QGΨ, ηΛ˜ 1
2
]G]G
+
6κ4
5!
[Ψ,QGΨ,QGΞ, [Ψ, ηΛ˜ 1
2
]G]G −
2κ4
5!
[[Ψ,QGΨ ]G, Ψ, QGΞ, ηΛ˜ 1
2
]G
−
7κ4
5!
[[Ψ,QGΞ ]G, Ψ, QGΨ, ηΛ˜ 1
2
]G −
3κ4
5!
[[Ψ,QGΨ,QGΞ ]G, Ψ, ηΛ˜ 1
2
]G
−
4κ4
5!
[Ψ, [Ψ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G]G −
8κ4
5!
[Ψ, [Ψ,QGΞ, [Ψ, ηΛ˜ 1
2
]G]G]G
−
32κ4
6!
[Ψ,QGΞ, [Ψ, [Ψ, ηΛ˜ 1
2
]G]G]G +
16κ4
5!
[Ψ, [[Ψ,QGΞ ]G, Ψ, ηΛ˜ 1
2
]G]G
+
8κ4
5!
[Ψ, [Ψ,QGΞ ]G, [Ψ, ηΛ˜ 1
2
]G]G −
4κ4
5!
[[Ψ, [Ψ,QGΞ ]G]G, Ψ, ηΛ˜ 1
2
]G, (A.14)
δ
[4]
Λ˜1/2
Ξ = −
2κ4
5!
[Ψ,QGΨ, (QGΞ)
2, ηΛ˜ 1
2
]G +
κ4
5!
[Ψ, [Ψ, (QGΞ)
2, ηΛ˜ 1
2
]G]G
+
3κ4
5!
[Ψ,QGΞ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G +
3κ4
5!
[Ψ, (QGΞ)
2, [Ψ, ηΛ˜ 1
2
]G]G
−
7κ4
5!
[[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ˜ 1
2
]G −
14κ4
6!
[[Ψ, (QGΞ)
2]G, Ψ, ηΛ˜ 1
2
]G
+
2κ4
4!
[Ξ, [Ψ,QGΨ,QGΞ, ηΛ˜ 1
2
]G]G −
2κ4
4!
[Ξ, [Ψ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G]G
−
κ4
3!
[Ξ, [Ψ,QGΞ, [Ψ, ηΛ˜ 1
2
]G]G]G +
κ4
3!
[Ξ, [[Ψ,QGΞ ]G, Ψ, ηΛ˜ 1
2
]G]G, (A.15)
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B
[6]
δΛ˜1/2
=
3κ5
6!
[Ψ, (QGΨ )
2, (QGΞ)
2, ηΛ˜ 1
2
]G −
κ5
5!
[Ψ, [Ψ,QGΨ, (QGΞ)
2, ηΛ˜ 1
2
]G]G
−
3κ5
6!
[Ψ,QGΨ, [Ψ, (QGΞ)
2, ηΛ˜ 1
2
]G]G −
21κ5
6!
[Ψ,QGΞ, [Ψ,QGΨ,QGΞ, ηΛ˜ 1
2
]G]G
−
9κ5
6!
[Ψ,QGΨ,QGΞ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G −
7κ5
6!
[Ψ, (QGΞ)
2, [Ψ,QGΨ, ηΛ˜ 1
2
]G]G
−
9κ5
6!
[Ψ,QGΨ, (QGΞ)
2, [Ψ, ηΛ˜ 1
2
]G]G +
3κ5
6!
[[Ψ,QGΨ ]G, Ψ, (QGΞ)
2, ηΛ˜ 1
2
]G
+
21κ5
6!
[[Ψ,QGΞ ]G, Ψ, QGΨ,QGΞ, ηΛ˜ 1
2
]G +
9κ5
6!
[[Ψ,QGΨ,QGΞ ]G, Ψ, QGΞ, ηΛ˜ 1
2
]G
+
7κ5
6!
[[Ψ, (QGΞ)
2]G, Ψ, QGΨ, ηΛ˜ 1
2
]G +
9κ5
6!
[[Ψ,QGΨ, (QGΞ)
2]G, Ψ, ηΛ˜ 1
2
]G
+
3κ5
6!
[Ψ, [Ψ, [Ψ, (QGΞ)
2, ηΛ˜ 1
2
]G]G]G +
9κ5
6!
[Ψ, [Ψ,QGΞ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G]G
+
9κ5
6!
[Ψ, [Ψ, (QGΞ)
2, [Ψ, ηΛ˜ 1
2
]G]G]G +
2κ5
5!
[Ψ,QGΞ, [Ψ, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G]G
+
4κ5
5!
[Ψ,QGΞ, [Ψ,QGΞ, [Ψ, ηΛ˜ 1
2
]G]G]G +
8κ5
6!
[Ψ, (QGΞ)
2, [Ψ, [Ψ, ηΛ˜ 1
2
]G]G]G
−
21κ5
6!
[Ψ, [[Ψ,QGΞ ]G, Ψ, QGΞ, ηΛ˜ 1
2
]G]G −
7κ5
6!
[Ψ, [[Ψ, (QGΞ)
2]G, Ψ, ηΛ˜ 1
2
]G]G
−
8κ5
5!
[Ψ,QGΞ, [[Ψ,QGΞ ]G, Ψ, ηΛ˜ 1
2
]G]G −
2κ5
5!
[Ψ, [Ψ,QGΞ ]G, [Ψ,QGΞ, ηΛ˜ 1
2
]G]G
−
8κ5
6!
[Ψ, [Ψ, (QGΞ)
2]G, [Ψ, ηΛ˜ 1
2
]G]G −
4κ5
5!
[Ψ,QGΞ, [Ψ,QGΞ ]G, [Ψ, ηΛ˜ 1
2
]G]G
+
2κ5
5!
[[Ψ, [Ψ,QGΞ ]G]G, Ψ, QGΞ, ηΛ˜ 1
2
]G +
8κ5
6!
[[Ψ, [Ψ, (QGΞ)
2]G]G, Ψ, ηΛ˜ 1
2
]G
+
4κ5
5!
[[Ψ,QGΞ, [Ψ,QGΞ ]G]G, Ψ, ηΛ˜ 1
2
]G
+
4κ5
5!
[[Ψ,QGΞ ]G, [Ψ,QGΞ ]G, Ψ, ηΛ˜ 1
2
]G, (A.16)
which transforms the pseudo-action as:
δ
[6]
Λ˜1/2
SNS + δ
[4]
Λ˜1/2
SR[2] + δ
[2]
Λ˜1/2
SR[4] + δ
[0]
Λ˜1/2
SR[6]
=
κ2
12
〈ηΛ˜ 1
2
, [QGΞ, [Ψ,
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
]G]G〉
−
κ2
12
〈ηΛ˜ 1
2
, [
(
κ2
3!
[Ψ, ηΨ,QGΞ ]G
)
, [Ψ,QGΞ ]G]G〉
−
κ4
5!
〈ηΛ˜ 1
2
, [QGΞ, [Ψ,QGΨ, ηΨ,QGΞ ]G]G〉+
κ4
5!
〈ηΛ˜ 1
2
, [ηΨ, [Ψ,QGΨ, (QGΞ)
2]G]G〉
−
κ4
6!
〈ηΛ˜ 1
2
, [Ψ,QGΞ, [QGΨ, ηΨ,QGΞ ]G]G〉+
κ4
6!
〈ηΛ˜ 1
2
, [Ψ, ηΨ, [QGΨ, (QGΞ)
2]G]G〉
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−
2κ4
6!
〈ηΛ˜ 1
2
, [QGΨ,QGΞ, [Ψ, ηΨ,QGΞ ]G]G〉+
2κ4
6!
〈ηΛ˜ 1
2
, [QGΨ, ηΨ, [Ψ, (QGΞ)
2]G]G〉
−
3κ4
6!
〈ηΛ˜ 1
2
, [(QGΞ)
2, [Ψ,QGΨ, ηΨ ]G]G〉+
3κ4
6!
〈ηΛ˜ 1
2
, [ηΨ,QGΞ, [Ψ,QGΨ,QGΞ ]G]G〉
−
3κ4
6!
〈ηΛ˜ 1
2
, [Ψ,QGΨ,QGΞ, [ηΨ,QGΞ ]G]G〉+
3κ4
6!
〈ηΛ˜ 1
2
, [Ψ,QGΨ, ηΨ, [(QGΞ)
2]G]G〉
−
9κ4
6!
〈ηΛ˜ 1
2
, [QGΨ, (QGΞ)
2, [Ψ, ηΨ ]G]G〉+
9κ4
6!
〈ηΛ˜ 1
2
, [QGΨ, ηΨ,QGΞ, [Ψ,QGΞ ]G]G〉
+
2κ4
6!
〈ηΛ˜ 1
2
, [Ψ, [QGΞ, [Ψ, ηΨ,QGΞ ]G]G]G〉 −
2κ4
6!
〈ηΛ˜ 1
2
, [Ψ, [ηΨ, [Ψ, (QGΞ)
2]G]G]G〉
−
κ4
5!
〈ηΛ˜ 1
2
, [QGΞ, [Ψ, [Ψ, ηΨ,QGΞ ]G]G]G〉+
κ4
5!
〈ηΛ˜ 1
2
, [ηΨ, [Ψ, [Ψ, (QGΞ)
2]G]G]G〉
−
2κ4
5!
〈ηΛ˜ 1
2
, [Ψ, [Ψ,QGΞ, [ηΨ,QGΞ ]G]G]G〉+
2κ4
5!
〈ηΛ˜ 1
2
, [Ψ, [Ψ, ηΨ, [(QGΞ)
2]G]G]G〉
−
κ4
5!
〈ηΛ˜ 1
2
, [Ψ, [(QGΞ)
2, [Ψ, ηΨ ]G]G]G〉+
κ4
5!
〈ηΛ˜ 1
2
, [Ψ, [ηΨ,QGΞ, [Ψ,QGΞ ]G]G]G〉
−
2κ4
5!
〈ηΛ˜ 1
2
, [QGΞ, [Ψ,QGΞ, [Ψ, ηΨ ]G]G]G〉 −
κ4
5!
〈ηΛ˜ 1
2
, [QGΞ, [Ψ, ηΨ, [Ψ,QGΞ ]G]G]G〉
+
3κ4
5!
〈ηΛ˜ 1
2
, [ηΨ, [Ψ,QGΞ, [Ψ,QGΞ ]G]G]G〉
−
4κ4
6!
〈ηΛ˜ 1
2
, [Ψ,QGΞ, [QGΞ, [Ψ, ηΨ ]G]G]G〉+
2κ4
6!
〈ηΛ˜ 1
2
, [Ψ,QGΞ, [ηΨ, [Ψ,QGΞ ]G]G]G〉
+
2κ4
6!
〈ηΛ˜ 1
2
, [Ψ, ηΨ, [QGΞ, [Ψ,QGΞ ]G]G]G〉
−
2κ4
6!
〈ηΛ˜ 1
2
, [Ψ,QGΨ, [Ψ, [ηΨ,QGΞ ]G]G]G〉+
2κ4
6!
〈ηΛ˜ 1
2
, [Ψ, ηΨ, [Ψ, [(QGΞ)
2]G]G]G〉
−
κ4
5!
〈ηΛ˜ 1
2
, [(QGΞ)
2, [Ψ, [Ψ, ηΨ ]G]G]G〉+
κ4
5!
〈ηΛ˜ 1
2
, [ηΨ,QGΞ, [Ψ, [Ψ,QGΞ ]G]G]G〉
+
8κ4
6!
〈ηΛ˜ 1
2
, [[Ψ,QGΞ ]G, [Ψ, ηΨ,QGΞ ]G]G〉 −
8κ4
6!
〈ηΛ˜ 1
2
, [[Ψ, ηΨ ]G, [Ψ, (QGΞ)
2]G]G〉
−
κ4
5!
〈ηΛ˜ 1
2
, [Ψ, [Ψ,QGΞ ]G, [ηΨ,QGΞ ]G]G〉+
κ4
5!
〈ηΛ˜ 1
2
, [Ψ, [Ψ, ηΨ ]G, [(QGΞ)
2]G]G〉
−
3κ4
5!
〈ηΛ˜ 1
2
, [QGΞ, [Ψ, ηΨ ]G, [Ψ,QGΞ ]G]G〉
+
3κ4
5!
〈ηΛ˜ 1
2
, [ηΨ, [Ψ,QGΞ ]G, [Ψ,QGΞ ]G]G〉. (A.17)
The first two terms give the correction to the constraint in (2.62).
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